
Decay rate, natural width

probability to decay in an interval dt

dP =
dt

�
= �dt

mean life time 平均寿命

decay rate 壊変（崩壊）速度

N(t) = N(t = 0)e�t/�

An unstable particle has an energy uncertainty or “natural width”

number of unstable nuclei

� = �� =
�
�

=
6.58� 10�22 MeV sec

�

自然幅壊変（崩壊）速度
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which has the solution

N(t) = N(t = 0)e−t/τ . (4.3)

The mean survival time is τ , justifying its name.
The inverse of the mean lifetime is the “decay rate”

λ =
1
τ

. (4.4)

We saw in Sect. 3.5 that an unstable particle (or more precisely an un-
stable quantum state) has a rest energy uncertainty or “width” of

Γ = h̄λ =
h̄

τ
=

6.58 × 10−22 MeV sec
τ

. (4.5)

Since nuclear states are typically separated by energies in the MeV range,
the width is small compared to state separations if the lifetime is greater
than ∼ 10−22 sec. This is generally the case for states decaying through the
weak or electromagnetic interactions. For decays involving the dissociation
of a nucleus, the width can be quite large. Examples are the excited states
of 7Li (Fig. 3.5) that decay via neutron emission or dissociation into 3H4He.
From the cross-section shown in Fig. 3.4, we see that the fourth excited state
(7.459 MeV) has a decay width of Γ ∼ 100 keV.

It is often the case that an unstable state has more than one “decay
channel,” each channel k having its own “branching ratio” Bk. For example
the fourth excited state of 7Li has

Bn6Li = 0.72 B3H4He = 0.28 Bγ 7Li ∼ 0.0 , (4.6)

where the third mode is the unlikely radiative decay to the ground state. In
general we have

!

k

Bk = 1 , (4.7)

the sum of the “partial decay rates,” λk = Bkλ
!

k

λk = λ , (4.8)

and the sum of the “partial widths,” Γk = BkΓ
!

k

Γk = Γ . (4.9)

4.1.2 Measurement of decay rates

Lifetimes of observed nuclear transitions range from ∼ 10−22 sec
7Li (7.459 MeV) → n 6Li, 3H 4He τ = 6 × 10−21 sec (4.10)

to 1021 yr
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76Ge� 76Se 2e� 2�̄e t1/2 = 1.78� 1021 yr

half life 半減期 t1/2 = (ln 2)� = 0.693�

> 1011 × (age of universe) !



Decay diagram
壊変図

half life
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γ壊変（γ線放出）
A� � A + �

unstable high-energy state (stable) low-energy state

gamma ray ガンマ線

mA� > mA mA� �mA � mA

momentum conservation p =
E�

c
energy conservation

運動量保存

エネルギー保存

自然放出spontaneous emission

E� +
p2

2mA
= (mA� �mA) c2

recoil energy (energy loss)
反跳エネルギー（エネルギー損失）

ER =
E2

�

2mAc2
mAc2 � A� 931.5 MeV

ER � E� E� � (mA� �mA) c2 but ER > � in general

Emitted gamma rays are not resonantly re-absorbed by other nuclei in gases
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4

3

2

1

0
543210

1s

0.5
0.4
0.3
0.2
0.1
0.0

543210

2s

0.020
0.015
0.010
0.005
0.000

543210

2p

0.12

0.08

0.04

0.00
543210

3s

r (atomic unit)

pr
ob

ab
ili

ty
 d

en
si

ty

interaction

An excited nucleus can interact with an electron in one of the lower atomic 
orbitals, causing the electron to be emitted (ejected) from the atom.

s-electrons have finite probability density 
at the nuclear position.

for a hydrogen atom
水素原子の例

s軌道の電子は、原子核の位置で存在確率が有限

The electron may couple to the excited 
state of the nucleus and take the energy of 
the nuclear transition directly, without an 
intermediate gamma ray.

Energy of the conversion electron

Ece � (mA� �mA) c2 � Eb � E� � Eb

binding energy of the electron

followed by
•characteristic x-ray 
emission

•Auger effect
特性Ｘ線放出

オージェ効果
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137Ba

Cs137
7/2

11/2

3/2
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+
γ (90%)
internal conversion 

(10%)

beta spectrum
k

l
m

Cs137

electron momentum

137Ba  internal
conversion

Fig. 4.7. The β-spectrum of 137Cs and the internal conversion lines from the decay
of the first excited state of 137Ba [40]. Captures from the K, L and M orbitals are
seen.

4.3 Weak interactions

Whereas the electromagnetic interactions responsible for the radiative decays
conserve the number of protons and the number of neutrons, the weak inter-
actions transform protons to neutrons or vice versa as well as the numbers
of charged leptons and numbers of neutrinos. The archetype of a weak decay
is nuclear β-decay

(A, Z) → (A, Z ± 1) e−(e+) νe(ν̄e) . (4.63)

Fermi gave a remarkably efficient theory of this process as soon as 1933. The
structure of this theory became more profound in 1968 with the advent of
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Ece � (mA� �mA) c2 � Eb

most internal conversion 
electrons from the K shell

K殻からの内部転換電子が支配的

ejection from higher orbitals 
generally less probable

L, M殻からの放出は一般的に少ない

beta
internal conversion

electron momentum



beta decay
�� decay

�+ decay

dating 年代測定
half life = 5730 years

A
ZN � A

Z+1N
� + e� + �̄e

A
ZN � A

Z�1N
� + e+ + �e



Emitted electron (positron) energy has a 
broad distribution  
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to the overlap integral (4.84), and the Gamow–Teller term proportional to
the matrix element of σ between initial and final state nuclei.

Just as in radiative decays, there are selection rules governing which com-
binations of initial Ji and final Jf spins are possible. The Fermi term will
vanishes if the angular dependences of the initial and final wavefunctions are
orthogonal so we require

Fermi : Ji = Jf . (4.90)

The Gamow–Teller term can change the spin but vanishes if the initial and
final angular momenta are zero:

GT : Ji = Jf , Jf ± 1 Ji = Jf = 0 forbidden . (4.91)

Additionally, in both cases, the parity of the initial and final nuclei must be
the same. Transitions that respect the selection rules are called “Allowed”
decays. “Forbidden” decays are possible only if one takes into account the
spatial dependence of the lepton wavefunctions, i.e. using (4.83) instead of
(4.84) The examples of forbidden decays in Fig. 4.12 illustrate the much
longer lifetimes for such transitions.

β β
_ +

p (MeV/c)p (MeV/c)

0.2 0.2 0.6 1.0 1.4 1.81.81.41.00.6

Fig. 4.14. The β− and β+ spectra of 64Cu [44]. The suppression the of the β+

spectrum and enhancement of the β− at low energy due to the Coulomb effect is
seen.
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beta decay

The existence of the neutrino was predicted by 
Wolfgang Pauli in 1930 to explain how beta decay could 
conserve energy, momentum, and angular momentum.

�� decay

�+ decay

dating 年代測定
half life = 5730 years

A
ZN � A

Z+1N
� + e� + �̄e

A
ZN � A

Z�1N
� + e+ + �e

Pauli



fundamental processes

n� p e� �̄e

p� n e+ �e

mp = 938.3 MeV/c2    <    mn = 939.6 MeV/c2

mean life  = 881.5 ± 1.5 s

- free proton does NOT decay
- takes place only in nuclei
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the unified theory of weak and electromagnetic interactions due to Glashow,
Salam and Weinberg.

4.3.1 Neutron decay

In the Fermi theory, neutron decay n → pe−ν̄e is a point-like process. This
is similar to what we discussed in Chap. 3, concerning the small range of
weak interactions owing to the large masses of intermediate bosons. Here,
the neutron transforms into a proton and a virtual W− boson, which itself
decays into e−ν̄e. This process is shown schematically in Fig. 4.8.

e
W

n

p

νe
Fig. 4.8. Neutron decay.

To find the matrix element for neutron decay we first recall the matrix
element for scattering of two free particles, as discussed in Sect. 3.4.1. If the
two particles 1 and 2 interact via a potential V (r1 −r2 ), then the scattering
element is

⟨f |V |i⟩ =
1
L6

!
ei(p1−p′

1)·r1/h̄ei(p2−p′
2)·r2/h̄V (r1 −r2 )d3r1d3r2 ,

where p1 and p′
1 are the initial and final momenta for particle 1, and likewise

for particle 2. The weak interactions can be described by a delta-function
potential V ∼ Gδ(r1 −r2 ) so the matrix element is

⟨f |V |i⟩ =
G

L6

!
ei(p1−p′

1)·r/h̄ ei(p2−p′
2)·r/h̄d3r . (4.64)

There is a factor exp(ip·r) for each initial-state particle and a factor exp(−ip·
r) for each final-state particle. This suggests that for neutron decay we use
the matrix element

⟨pe−ν̄e|H1 |n⟩ =
2.4GF

L6

!
d3 r exp[i(pn −pp −pe −pν) · r/h̄] . (4.65)

The factor 2.4GF is the effective G for neutron decay and will be discussed
below. Since we will not always want to use plane waves, we also write the
more general matrix element as
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weak boson
mW = 80.385 GeV/c2 

cf.  mpion = 139.570 MeV/c2 (±), 134.9766 MeV/c2 (neutral)

Feynman diagram ファインマン図



Electron capture (EC)
電子捕獲（軌道電子捕獲）

208 4. Nuclear decays and fundamental interactions

l mmlk

(A,Z)

νe

(A,Z−1)

(A,Z−1)

a) b)

c)

γ

Fig. 4.15. Electron capture. After the nuclear transformation, the atom is left
with an unfilled orbital, which is subsequently filled by another electron with the
emission of photons (X-rays). As in the case of nuclear radiative decay, the X-ray
can transfer its energy to another atomic electron which is then ejected from the
atom. Such an electron is called an Auger electron.

The decay rate is then

λ =
c

π(h̄c)4
(2.4GF)2Z3

a3
0

|M |2Q2
ec . (4.98)

Compared with nuclear β-decay, the Q dependence is weak, Q2
ec rather than

Q5
β. This means that for small Qβ, electron-capture dominates over β+ decay,

as can be seen in Fig. 2.13. The strong Z dependence coming from the de-
creasing electron orbital radius with increasing Z means that electron-capture
becomes more and more important with increasing Z.

Finally, we note that nuclear decay by electron capture leaves the atom
with an unfilled atomic orbital. This orbital is filled by other atomic electrons
falling into it and radiating photons. The photons are in the keV (X-ray)
range since the binding energy of the inner most electron of an atom of
atomic number Z is

E ∼ 0.5Z2α2mec
2 = 0.01 Z2keV . (4.99)

Licensed to Kenichi Ishikawa<ishiken@atto.t.u-tokyo.ac.jp>

followed by
•characteristic x-ray 
emission

•Auger effect
特性Ｘ線放出
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fundamental process: p e� � n �e

neutrino energy: 

atomic mass (not nuclear mass)
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