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Nuclear reactions
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free particle (photon, electron, 
positron, neutron, proton, …)

scattering
nuclear reactions

Examples

α + 14N → 17O + p  (Rutherford, 1919)

p + 7Li → 4He + α  (Cockcroft and Walton, 1930)

projectile

target

https://ja.m.wikipedia.org/wiki/
%E3%83%95%E3%82%A1%E3%82%A4%E3%83%
AB:Nucleus_drawing.svg
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Important nuclear reactions for thermal energy 
generation


• Fission（核分裂）
• Fusion（核融合）

4

Typical nuclear reactions

a + X → Y + b X(a,b)Y
projectile target
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Energetics エネルギー論

mXc2 + TX + mac2 + Ta = mY c2 + TY + mbc
2 + Tb

a + X → Y + b

rest mass kinetic energy

reaction Q value Q = (minitial �mfinal)c2

= (mX + ma �mY �mb)c2

= TY + Tb � TX � Ta
excess kinetic energy

Q > 0 : exothermic 発熱反応
Q < 0 : endothermic 吸熱反応



Fundamentals in Nuclear Physics (Kenichi ISHIKAWA) for internal use only (Univ. of Tokyo)http://ishiken.free.fr/english/lecture.html
This lecture is recorded for possible on-demand streaming. Chat your student ID number and full name.

Cross section 断面積
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3.1 Cross-sections 109

L

dz

.

Fig. 3.1. A small particle incident on a slice of matter containing N = 6 target
spheres of radius R. If the point of impact on the slice is random, the probability
dP of it hitting a target particle is dP = NπR2/L2 = σndz where the number
density of scatterers is n = N/(L2dz) and the cross section per sphere is σ = πR2.

a probability dP of hitting one of the spheres that is equal to the fraction of
the surface area covered by a sphere

dP =
NπR2

L2 = σndz σ = πR2 . (3.4)

In the second form, we have multiplied and divided by the slice thickness dz
and introduced the number density of spheres n = N/(L2dz). The “cross-
section” for touching a sphere, σ = πR2, has dimensions of “area/sphere.”

While the cross-section was introduced here as a classical area, it can be
used to define a probability dPr for any type of reaction, r, as long as the
probability is proportional to the number density of target particles and to
the target thickness:

dPr = σr n dz . (3.5)

The constant of proportionality σr clearly has the dimension of area/particle
and is called the cross-section for the reaction r.

If the material contains different types of objects i of number density and
cross-section ni and σi, then the probability to interact is just the sum of the
probabilities on each type:

dP =
∑

i

niσi (3.6)

number density n
radius r
reaction probability (�r2)n(L2dz)

L2
= �r2ndz

� � �r2

“cross section”dP = �ndz

Basdevant, Rich, and Spiro, “Fundamentals in Nuclear Physics” (Springer, 2005)
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3.1 Cross-sections 109

L

dz

.

Fig. 3.1. A small particle incident on a slice of matter containing N = 6 target
spheres of radius R. If the point of impact on the slice is random, the probability
dP of it hitting a target particle is dP = NπR2/L2 = σndz where the number
density of scatterers is n = N/(L2dz) and the cross section per sphere is σ = πR2.

a probability dP of hitting one of the spheres that is equal to the fraction of
the surface area covered by a sphere

dP =
NπR2

L2 = σndz σ = πR2 . (3.4)

In the second form, we have multiplied and divided by the slice thickness dz
and introduced the number density of spheres n = N/(L2dz). The “cross-
section” for touching a sphere, σ = πR2, has dimensions of “area/sphere.”

While the cross-section was introduced here as a classical area, it can be
used to define a probability dPr for any type of reaction, r, as long as the
probability is proportional to the number density of target particles and to
the target thickness:

dPr = σr n dz . (3.5)

The constant of proportionality σr clearly has the dimension of area/particle
and is called the cross-section for the reaction r.

If the material contains different types of objects i of number density and
cross-section ni and σi, then the probability to interact is just the sum of the
probabilities on each type:

dP =
∑

i

niσi (3.6)

“Cross section” can be used to define a probability for 
any type of reaction

Probability P proportional to


• number density of target particles n

• target thickness dz

7

Unit of cross section

dimension of area m2, cm2

size of nucleus ~ a few fm

1 barn (b) = 10-28 m2 = 10-24 cm2

dP = �ndz

Basdevant, Rich, and Spiro, “Fundamentals in 
Nuclear Physics” (Springer, 2005)
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Different types of target objects
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ninumber density

cross section �i

dP = dz
�

i

�ini
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Differential cross section
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angular dependence (角度依存性を考える)

target
�

d�
detector Probability that the incident particle 

is scattered to a solid angle       d�

differential cross section 
(微分断面積)

� =
�

d�
d�

d�
=

� 2�

0
d�

� �

0

d�

d�
(�, �) sin �d�

dP�,� =
d�

d�
ndzd�

for isotropic scattering (等方散乱)

d�

d�
=

�

4�

total cross section
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Differential cross section
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reaction creating N particles a b x1 x2 x3 … xN

probability to create the particles xi in the momentum ranges d3pi around pi 

dP =
d�

d3p1 · · · d3pN
nbdz d3p1 · · · d3pN

differential cross section (微分断面積)

total probability for the reaction dPab�x1···xN = �ab�x1···xN nbdz

reaction cross section

�ab�x1···xN =
�

d3p1 · · ·
�

d3pN
d�

d3p1 · · · d3pN
d3p1 · · · d3pN

if there are more than one reactions

dP = �totnbdz �tot =
�

i

�i
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Mean free path and reaction rate
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平均自由行程

3.1 Cross-sections 109

L

dz

.

Fig. 3.1. A small particle incident on a slice of matter containing N = 6 target
spheres of radius R. If the point of impact on the slice is random, the probability
dP of it hitting a target particle is dP = NπR2/L2 = σndz where the number
density of scatterers is n = N/(L2dz) and the cross section per sphere is σ = πR2.

a probability dP of hitting one of the spheres that is equal to the fraction of
the surface area covered by a sphere

dP =
NπR2

L2 = σndz σ = πR2 . (3.4)

In the second form, we have multiplied and divided by the slice thickness dz
and introduced the number density of spheres n = N/(L2dz). The “cross-
section” for touching a sphere, σ = πR2, has dimensions of “area/sphere.”

While the cross-section was introduced here as a classical area, it can be
used to define a probability dPr for any type of reaction, r, as long as the
probability is proportional to the number density of target particles and to
the target thickness:

dPr = σr n dz . (3.5)

The constant of proportionality σr clearly has the dimension of area/particle
and is called the cross-section for the reaction r.

If the material contains different types of objects i of number density and
cross-section ni and σi, then the probability to interact is just the sum of the
probabilities on each type:

dP =
∑

i

niσi (3.6)

flux F dF = �F�ndz

dF

dz
= �F�n

F (z) = F (0)e��nz = F (0)e��z

macroscopic cross section (マクロ断面積) � = �n [1/length]

1.0

0.8

0.6

0.4

0.2

0.0

F(z)/F(0)

z

1/e = 0.368

1/�n

mean free path also distribution 
of free path

if there are different types of 
target objects (nuclei)

l = 1/�n

l = 1/
�

i

�ini

reaction rate

反応速度

v

l
= n �v

Basdevant, Rich, and Spiro, “Fundamentals in 
Nuclear Physics” (Springer, 2005)
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differential cross section of 
scattering in general
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classical scattering in general

b �(b)

b+db

d� = 2�bdb

�(b + db) = � + d� = �(b) +
d�

db
db

d� = �2� sin �d�

d�

d�
=

����
b(�)
sin �

db

d�

����

impact parameter
衝突係数

量子力学(小出昭一郎 ,裳華房)
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Example: hard sphere with a radius R
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b = R cos
�

2
d�

d�
=

R2

4
� = �R2

geometrical cross section
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Rutherford scattering
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ラザフォード散乱

scattering of a charged particles by a Coulomb potential

V (r) =
Z1Z2e2

4��0r

b =
Z1Z2e2

8��0Ek
cot

�

2
d�

d�
=

�
Z1Z2e2

16��0Ek

�2 1
sin4 �

2

� =� Coulomb force is long-range
• Incident particle is scattered no matter how large the 

impact parameter may be.

• Practically, the Coulomb potential is screened at large 

distances by oppositely charged particles

長距離力
The same result is obtained by the quantum theory.

impact parameter
衝突係数

量子力学(小出昭一郎 ,裳華房)
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Rutherford scattering

15

Geiger-Marsden experiment (1909) ガイガー・マースデンの実験

1871～1937
Ernest Rutherford

1911

electron

http://mishiewishieblogg.blogspot.jp/

Rutherford (or planetary) model
量子力学(小出昭一郎 ,裳華房)

https://ja.wikipedia.org/wiki/アー
ネスト・ラザフォード



Fundamentals in Nuclear Physics (Kenichi ISHIKAWA) for internal use only (Univ. of Tokyo)http://ishiken.free.fr/english/lecture.html
This lecture is recorded for possible on-demand streaming. Chat your student ID number and full name.

General characteristics of cross-sections

Elastic scattering 弾性散乱

The internal states of the projectile and target 
(scatterer) do not change before and after the 
scattering.


• Rutherford scattering, (n,n), (p,p), etc.


Inelastic scattering 非弾性散乱

• (n,γ), (p,γ), (n,α), (n,p), (n,d), (n,t), etc.


• fission, fusion

16
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Elastic neutron scattering
• relevant to (neutron) moderator in nuclear 

reactors


• due to the short-range strong interaction

17

中性子減速材
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Elastic neutron scattering

18

10-1

100

101

102

103

104

C
ro

ss
 s

ec
tio

n 
(b

ar
n)

10-5  10-3  10-1  101  103  105  107

Energy (eV)

1H(n,n)

2H(n,n)

6Li(n,n)

JENDL

resonance共鳴

The energy levels of 7Li and two dissociated 
states n-6Li and 3H-4He (t-α)

n + 6Li → 7Li* → n + 6Li
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Nuclear data libraries
• ENDF (Evaluated Nuclear Data File, USA)


• JENDL (Japanese Evaluated Nuclear Data Library, 
Japan) 


• JEFF (Joint Evaluated Fission and Fusion file, Europe)


•CENDL (Chinese Evaluated Nuclear Data Library, 
China)


•ROSFOND (Russia)


•BROND (Russia)

19

http://www-nds.iaea.org/exfor/endf.htm
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Differential cross section for 
elastic neutron scattering

20

118 3. Nuclear reactions
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Fig. 3.6. The differential cross-section, dσ/d cos θ = 2πdσ/dΩ, for elastic scatter-
ing of neutrons on 1H, 9Be and 208Pb at incident neutron energies as indicated [30].
At low incident momenta, p < h̄/Rnucleus, the scattering is isotropic whereas for
high momenta, the angular distribution resembles that of diffraction from a disk of
radius R. Neutron scattering on 1H at high-energy also has a peak in the backward
directions coming from the exchange of charged pions (Fig. 1.13).

d�

d cos �
= 2�

d�

d�

isotropic for 

p <
�

Rnucleus

quantization of angular momentum

L = pRnucleus < �

s-wave scatteringBasdevant, Rich, and Spiro, “Fundamentals in 
Nuclear Physics” (Springer, 2005)
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Neutron capture

• Radiative capture


• emits a gamma ray


• 113Cd(n,γ)114Cd ← neutron shield


• Other neutron capture reactions


• 10B(n,α)7Li, 3He(n,p)3H, 6Li(n,t)4He


• Applications: neutron detector, shield, neutron 
capture therapy for cancer

21

Inelastic scattering 中性子捕獲反応

neutron binding energy = ca. 8 MeV

exothermic reaction in most cases
発熱反応

放射捕獲（放射性捕獲）

Highly excited states formed, which subsequently decay.

AX(n,γ)A+1X

activation
放射化
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neutron radiative capture

22

放射捕獲（放射性捕獲）
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Neutron capture reactions �
with large cross section

• 113Cd(n,γ)114Cd : shield


• 157Gd(n,γ)158Gd : neutron absorber in 
nuclear fuel, cancer therapy


• 10B(n,α)7Li : detector, cancer therapy


• 3He(n,p)3H : detector


• 6Li(n,t)4He : shield, filter, detector

23
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157Gd(n,γ)158Gd
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Heavy nuclei have many excited states.

→ Complicated resonance structure

1/v law

http://www.nuclear.kth.se/courses/lab/latex/internal/internal.html

Applications

• Burnable poison Gd2O3 (neutron absorber in nuclear fuel)

• Gadolinium neutron capture therapy (GdNCT) for cancer

(2) internal conversion(4) Auger effect
オージェ効果 内部転換

Possible 
channels

• (1)

• (2)+(3)

• (2)+(4)thermal neutron 

= 0.025 eV

Inelastic scattering
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Applications

• BF3 proportional counter

• Boron neutron capture therapy (BNCT) for cancer

10-1

100

101

102

103

104

105

C
ro

ss
 s

ec
tio

n 
(b

ar
n)

10-5  10-3  10-1  101  103  105  107

Energy (eV)

10B(n,alpha)7Li

JENDL

1/v law

10B(n,α)7Li

3He(n,p)3H

• Helium-3 proportional counter

Inelastic scattering
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Neutron capture by 6Li
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6Li
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resonance
共鳴1/v law

threshold ← endothermic reaction
しきい値 吸熱反応

The energy levels of 7Li and two dissociated 
states n-6Li and 3H-4He (t-α)
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Inelastic proton scattering�
Coulomb barrier

The low-energy cross-section for inelastic reactions are strongly affected 
(suppressed) by Coulomb barriers through which a particle must tunnel.
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https://www.semanticscholar.org/paper/
Chapter-8.-the-Atomic-Nucleus-8.1-Nuclear/

7d0623c3e20c5b7763897da7083a3fecafc778e0
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High-energy inelastic nucleus-nucleus collision

• Fragmentation reaction - for medium-A nuclei


• Collision-induced fission - for heavy nuclei


• Spallation - fragmentation by protons or neutrons

28

Coulomb barrier ineffective for Ecm >
Z1Z2e2

4��0R
sum of the radii of the two nuclei

Energy < 1 GeV/u (GeV/nucleon)

. . . . . .

様々な破砕反応

重イオン衝突（中心衝突）

入射核破砕反応

.

核子入射反応での破砕片生成

核物質の動的過程
平均場・状態方程式
フロー・膨張
液相気相相転移

!

カスケード＋統計計算 (?)

応用上重要

小野章 (東北大・理) 核破砕反応・シミュレーション計算 理研 2009/03/25–26 2 / 22

Break up of one or both of the nuclei

Total inelastic cross section ~ order of �R2

核破砕反応

• application: production of unstable (radioactive) nuclides


• issue in carbon-ion cancer therapy
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• Production of pions and other hadrons

29

http://www.phy.ornl.gov/hribf/science/abc/fusion-evap.shtml

Fusion evaporation reaction


• Occasionally, the target and projectile may fuse to form a much 
heavier nucleus.


• The produced excited nucleus emits neutrons until a bound 
nucleus is produced.


• used to produce trans-uranium elements

核融合蒸発反応

Energy > 1 GeV/u

超ウラン元素

cosmic-ray protons upper-atmosphere nuclei

pions �+ � µ+ + �µ �� � µ� + �̄µ

muons - primary component of cosmic rays on the ground
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Photo-nuclear reaction
• Excitation and break-up (dissociation) 

through photo-absorption

• Analog of the photoelectric effect

30

光核反応

threshold (2.22 MeV) = binding energy of 2H
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giant resonance 巨大共鳴
collective oscillation of protons in the 
nucleus
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Neutrino reaction

• Only weak interactions


• Cross section ~ 10-48 m2

31

ニュートリノ

122 3. Nuclear reactions

Table 3.1. The cross-sections for selected neutrino-induced reactions important
for nuclear physics. The energy range where the formulas are valid are given. Apart
from G2

F given by (3.36), the cross-sections depend on the “weak mixing angle”
sin2 θw = .2312±0.0002, the “Cabibo angle” cos θc = 0.975±0.001, and the “axial-
vector coupling” gA = 1.267 ± 0.003. The meaning of these quantities is discussed
in Chap. 4.

reaction cross-section

νe e− → νe e− G2
FE2

cm
4π(h̄c)4

[
(2 sin2 θw + 1)2 + 4

3 sin4 θw
]

Ecm " mec
2

ν̄e e− → ν̄e e− G2
FE2

cm
4π(h̄c)4

[
1
3 (2 sin2 θw + 1)2 + 4 sin4 θw

]
Ecm " mec

2

νµ e− → νµ e− G2
FE2

cm
4π(h̄c)4

[
(2 sin2 θw − 1)2 + 4

3 sin4 θw
]

Ecm " mec
2

ν̄µ e− → ν̄µ e− G2
FE2

cm
4π(h̄c)4

[
1
3 (2 sin2 θw − 1)2 + 4 sin4 θw

]
Ecm " mec

2

νe n → e− p G2
FE2

ν
π(h̄c)4 cos2 θc

[
1 + 3g2

A

]
mec

2 $ Eν $ mpc2

ν̄e p → e+ n G2
FE2

ν
π(h̄c)4 cos2 θc

[
1 + 3g2

A

]
mec

2 $ Eν $ mpc2

target of mass mt, it can be shown (Exercise 3.5) that the target recoil has
negligible effect if the target rest-energy mtc2 is much greater than the beam
energy

mtc
2 ! Eb =

√
m2

bc4 + p2
bc2 . (3.37)

Since nucleons and nuclei are so much heavier than electrons and neutrinos,
these conditions will be satisfied in physically interesting situations. This
fact, plus the mathematical simplification coming from ignoring target recoil,
justifies spending some time on potential scattering. We will therefore first
treat the problem classically by following the trajectories of particles through
the force field. This will be followed by two quantum-mechanical treatments,
the first using perturbation theory and plane waves, and the second using
wave packets.

3.2.1 Classical cross-sections

Classically, cross-sections are calculated from the trajectories of particles in
force fields. Consider a particle in Fig. 3.9 that passes through a spherically
symmetric force field centered on the origin. The particle’s original trajectory
is parametrized by the “impact parameter” b which would give the particle’s
distance of closest approach to the force center if there were no scattering.

The scattering angle θ(b) depends on the impact parameter, as in the
figure. The relation θ(b) or b(θ) can be calculated by integrating the equations
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Resonance

32

共鳴
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162 3. Nuclear reactions
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Fig. 3.26. The elastic and inelastic neutron cross-sections on 235U (top) and 238U
(bottom). The peaks correspond to excited states of 236U and 239U. The excited
states can contribute to the elastic cross-sections by decaying through neutron
emission. They contribute to the (n, γ) cross-section by decaying by photon emission
to the ground states of 236U and 239U. In the case of 236U the states can also decay
by fission so they contribute to the neutron-induced fission cross-section on 235U.

Many excited states for heavy nuclei
complicated resonance structure

重い核には多くの励起状態

複雑なエネルギー依存性

Excited states of 239U
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Basdevant, Rich, and 
Spiro, “Fundamentals 
in Nuclear 
Physics” (Springer, 
2005)
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Resonance line shape

33

�(E) � A

(E � E0)2 + (�/2)2

-3 -2 -1 1 2 3
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Lorentzian ローレンツ関数

full width at half 
maximum (FWHM)
半値全幅

long tail

Resonance

natural width

homogeneous width

: 自然幅Life time � = �/�

Decay rate ��1 = �/�

� · � = � uncertainty principle
不確定性原理

� ドップラー幅
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Time-dependent wave function of an excited state

�(r, t) = �(r)e�iE0t/� |�(r, t)|2 = |�(r)|2
does not decay

To be consistent with the exponential decay law

|�(r, t)|2 = |�(r)|2 e�t/�

�(r, t) = �(r)e�iE0t/�e�t/2�

Energy spectrum (by Fourier transform)

P (E) �
����
� �

0
eiEt/�e�iE0t/�e�t/2�dt

����
2

� 1
(E � E0)2 + (�/2)2
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Quantum treatment of 
nucleon-nucleus scattering

35

核子-原子核散乱の量子力学的取り扱い
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isotropic scattering 等方散乱

angular momentum 角運動量

kR� 1

for neutron scattering

E =
p2

2mn
� (�c)2

2mnc2R2
� 13 MeV

A2/3

z

eikz

eikr

r

Schrödinger equation

中性子散乱

シュレーディンガー方程式

�k(r) = eikz +
feikr

r
(r > R)

r

V(r)

R
R � 1.2A1/3 fm

�V0

�
� �2

2m
�2 + V (r)

�
�k(r) =

�2k2

2m
�k(r)

L = �kR� �
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eikz =
��

l=0

(2l + 1)iljl(kr)Pl(cos �)

spherical Bessel function
球ベッセル関数 ルジャンドル多項式

Legendre  polynomial
10.48 Graphs 263

Figure 10.48.1: jn(x), n = 0(1)4, 0  x  12. Figure 10.48.2: yn(x), n = 0(1)4, 0 < x  12.

Figure 10.48.3: j5(x), y5(x),
p

j2
5
(x) + y2

5
(x), 0  x  12. Figure 10.48.4: j0

5
(x), y0

5
(x),

q
j0
5

2(x) + y0
5

2(x), 0  x 
12.

Figure 10.48.5: i(1)
0

(x), i(2)
0

(x), k0(x), 0  x  4. Figure 10.48.6: i(1)
1

(x), i(2)
1

(x), k1(x), 0  x  4.

Figure 10.48.7: i(1)
5

(x), i(2)
5

(x), k5(x), 0  x  8.

jl(kr) � (kr)l/(2l + 1)!!

P0(cos �) = 1

P1(cos �) = cos �

P2(cos �) =
3
2

cos2 � � 1
2

118 3. Nuclear reactions
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Fig. 3.6. The differential cross-section, dσ/d cos θ = 2πdσ/dΩ, for elastic scatter-
ing of neutrons on 1H, 9Be and 208Pb at incident neutron energies as indicated [30].
At low incident momenta, p < h̄/Rnucleus, the scattering is isotropic whereas for
high momenta, the angular distribution resembles that of diffraction from a disk of
radius R. Neutron scattering on 1H at high-energy also has a peak in the backward
directions coming from the exchange of charged pions (Fig. 1.13).

j1(z) =
sin z

z2
� cos z

z

j0(z) =
sin z

z

Basdevant, Rich, and Spiro, “Fundamentals in 
Nuclear Physics” (Springer, 2005)

NIST Handbook of Mathematical Functions 
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�k(r) =
�

eikz � sin kr

kr

�
+

�
sin kr

kr
+

feikr

r

�

isotropic

(r > R)
anisotropic

等方非等方

� sin kr

kr
+

feikr

r
near the boundary
ポテンシャルの境界近く

isotropic

kR� 1

�k(r) isotropic also at r < R ポテンシャル内でも等方

uk(r) = r �k(r)

uk(r) =
sin kr

k
+ feikr (r > R)

�
� �2

2m

d2uk

dr2
+ V (r)

�
uk(r) =

�2k2

2m
uk(r)
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Solution at r < R

uk(r) = A sinKr (r < R)

Boundary condition uk(r) and uk’(r) continuous at r = R

kR� 1 f = R

�
tanKR

KR
� 1

�
K �

�
2mV0

�2

Cross section

� = 4�|f |2 = 4�R2

�
tanKR

KR
� 1

�2

Scattering length 散乱長

Cross section

境界条件

a = �f(k = 0) �(k � 0) = 4�a2

low-energy scattering
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� = 4�|f |2 = 4�R2

�
tanKR

KR
� 1

�2

KR � R

�
2mV0

�2

�

�R2

infinite scattering length

� � �R2
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no scattering
“Ramsauer-Townsend effect”
ラムザウアー・タウンゼント効果

~ depth of attractive potential

KR = π/2
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Nucleon-nucleon effect
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核子-核子散乱
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1.4 Nuclear forces and interactions 33

V(r)=0

r=R

κ r)

V(r)=−V

r

|u| 2

V(r)
0

u(r) = sin kr

u(r) = exp(−

Fig. 1.10. A square-well potential and the square of the wavefunction ψ(r) =
u(r)/r. The depth and width of the well are chosen to reproduce the binding energy
and radius of the deuteron. Note that the wavefunction extends far beyond the
effective range of the s = 1 nucleon–nucleon potential.

(
−h̄2

2m

d2

dr2 + V (r)
)

u(r) = Eu(r) . (1.45)

The solutions for E < 0 oscillate for r < R

u(r < R) ∝ A sin kr + B cos(kr) k(E) =
√

2m(V0 + E)
h̄

, (1.46)

and are exponentials for r > R

u(r > R) ∝ C exp(−κr) + D exp(κr) κ(E) =
√

−2mE

h̄
. (1.47)

We set B = 0 to prevent ψ from diverging at the origin and D = 0 to make
the wavefunction normalizable. Requiring continuity at r = R of u(r) and
u′(r) we find the condition that determines the allowed values of E

k(E) cot k(E)R = −κ(E) . (1.48)

We note that for r → 0, the function on the left, k cot kr, is positive and
remains so until kr = π/2. Since the quantity on the left is negative the
requirement for at least one bound state is that there exist an energy E < 0
such that

k(E)R > π/2 , (1.49)

Licensed to Kenichi Ishikawa<ishiken@atto.t.u-tokyo.ac.jp>

deutron
重陽子

kR � �/2 V0R2~109 MeV fm2

Basdevant, Rich, and Spiro, “Fundamentals in 
Nuclear Physics” (Springer, 2005)
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Nucleon-nucleon effect
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核子-核子散乱

3.6 Nucleon–nucleus and nucleon–nucleon scattering 165

f(k = 0) = −R

[
tan(

√
2mV0R2/h̄)√

2mV0R2/h̄
− 1

]
. (3.197)

The pre-factor (−R) would, by itself, give a total cross-section of 4πR2. It is
multiplied by a factor that depends on the number of neutron wavelengths,√

2mV0R2/h̄ that fit inside the potential well. As we emphasized in Sect.
1.4.1, the two neutron–proton effective potentials have approximately 1/4 of
a wavelength inside the well, i.e.

√
2mV0R2

h̄
∼ π/2 ⇒ V0R

2 ∼ 109 MeV fm2 . (3.198)

For the s = 1 np system, V0R2 is slightly greater than 109 MeV fm2 so
the deuteron is bound. For the s = 0 system, V0R2 is slightly less than
109 MeV fm2 so there is no bound state. In the scattering problem consid-
ered here, the quarter wavelength leads to a scattering cross-section that is
much larger than 4πR2 since the tangent in (3.197) is large.

Table 3.3. The low-energy nucleon–nucleon scattering amplitudes and effective
ranges taken from the compilation [34]. The last two columns give the potential
parameters derived from the deuteron binding energy and the scattering formula
(3.197). Note that f ! R for the s = 0 amplitudes.

f R V0 V0R
2

(fm) (fm) (MeV) (MeV fm2)

n–p (s=1, T=0) +5.423 ± 0.005 1.73 ± 0.02 46.7 139.6

n–p (s=0, T=1) −23.715 ± 0.015 2.73 ± 0.03 12.55 93.5

p–p (s=0, T=1) −17.1 ± 0.2 2.794 ± 0.015 11.6 90.5

n–n (s=0, T=1) −16.6 ± 0.6 2.84 ± 0.03 11.1 89.5

The cross-section for the scattering on unpolarized neutrons on unpolar-
ized protons is the weighted sum of the cross-section in the (s = 0) and (s = 1)
state. Since there are three spin-aligned states and only one anti-aligned state
we have

σn−p = (3/4)4π|fs=1|2 + (1/4)4π|fs=0|2 = 20.47 b . (3.199)

This corresponds to the low-energy limit of the neutron–proton cross-section
shown in Fig. 3.4. The contributions from the (s = 0) and (s = 1) amplitudes
can be separated by a variety of methods. For instance, the neutron index
of refraction (Sect. 3.7) depends on the weighted sum of the amplitudes
rather than of the on the weighted sum of the squares of the amplitudes. A

�n�p =
3
4
4�|fs=1|2 +

1
4
4�|fs=0|2 � 20 b

Basdevant, Rich, and Spiro, “Fundamentals in Nuclear Physics” (Springer, 2005)


