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Hydrogen atom KZRRF DK EIEEE
Atomic unit [RFE{I

Rabi oscillation = E RS}
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Hydrogen-like atom
IKKRIRF D RENEEL
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Schriédinger equation
Val—TFa 2 A—FER

Particle of mass m moving in a potential V(r)
INT > v )ILVe)FDEE m DE Y(rt) - Wave function

2 DS %
ih o =— L Vztp(r,t)+ V(r)y(r,) BB
ot 2m

@ Y(rt)=@(r)e™™ steady state & IARE

2
— 2h— Vo(r)+V(r)p(r) = ep(r) Eigenvalue problem [EH{EfEE
m

¢=hw :Energyeigenvalue TX/LF¥—EHFE (ZXRILF—*47)
@(r) :Eigen function [&E5 K EIEI#L
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Hydrogen-like atom KZ&E#RRF

Bare Coulomb potential from the nucleus

BEFZOI—OVRTY vl VE)=V(r)=--2¢

e r
(Time-independent Schrédinger equation) & 2 L —7 « > AA—AER

h2 5 2
—-——V r)-—
2m #r) e r

@(r)=e@(r)

cumbersome coefficients

REDVIERE

Introduction of atomic unit (a.u.) JRFEDEA

L veem) - Z ) = epr)
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Atomic unit FRF B

Electron &

P

2
Unit system in which i=m=e=— =1 &2 K DREMMR
4rme,
2 2 .
Lenath _h _Ameh” 1 Bohr radius
Eég Gy =75y = meoz =5292x10""'m R
m
4 e,
Energy o % 2x(ionization potential of H)
TXILF— Ame,a, 2721 eV leV =1.602x107" J
3
Time W% 00242 fs _
AR ( e ac fine structure constant
i 2 /1l A
AT, a=—C —7297x10° = —L_ E’fﬁ;ﬂﬂ%m
JTE,C 1370 EH
Velocity a, Atomic scale of length,
HE 0T e energy, and time
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Atomic unit is closely related to Bohr hydrogen atom

Dimension | __Expression | __ Value | Meaning __

Iength ag = 471'60712/777,62 5.29x 10" m
me* e?
E — e = .
energy h (dreoh)?  Imegag 27.2 eV
o2
velocity OE T = 2.19% 108 m/s
0
h agp
time E, = 24.2 attoseconds
e
electric field F = Ireod 5.14x 10" V/m
0
laser 1 9 6 2
s §C€0F 3.51x10'°W/cm
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Coulomb potential
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electron orbital
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time during which
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Hydrogen-like atom KZ&E#RRF

Bare Coulomb potential from the nucleus 70 ~
RFRZO7—OYRTYIvIL vie)=V(r)=--—=-2

dme,r r
(Time-independent Schrédinger equation) & 2 L —7 « > AA—AER
n* Ze’ 1 z
- ——Vp(r)- (r) = ep(r) -~ V’p(r)- = @(r) = ep(r)
2m 4me,r 2 r

Polar coordinate 1% FEFE A r=(r0,0)

Bound state ZRAEIRRE £<0

2
Energy eigenvalue  , —_ Z2me 1 __Z n=123...
IRLF—EHE 1 (4me) e’ 20 ;

Eigen function

-ﬁ,EZE}JF;'@"‘ﬁ @(r)=R, ()Y, (0,0) O<l=n-1 -l<m<l

Radial wave functlpn (// S Spherical harmonics EKEIFET0BI%L
RN | ETp3
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Bound states FEfIREE

Energy eigenvalue Z'me' 1 __ z n=123...
IXILF—EEE (4.7'680)22h2 n*  2n -

| ria, ==y rin a, (Bohr radius TR— 77 %)

EgF 4JT€Oh2 11
38, Bp, Bd a0—7—53><10 m=0.053 nm

V=2 -RFov )L

Coulomb potential @(r)=R, (1), (0.0) O<sl/=n-1 -l<sn<l

Energy (eV)
IfILF—

1s Ground state E[EIRRE

4
—> me _13.6 eV

15}k =" 2n22
il (47e,) 2h
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Energy eigenvalue 7 BARIN _ piosem
I*}bﬁ—ﬁ'ﬂﬁ En =_—2 n=1,2a3'”
2]’1 =
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n Y .
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n=s —{).54 &)
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n=2 —-3.39

Do)

77
7
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Radial wave function and spherical

kil Bﬁé&

Yoo_

ﬁ

harmonics
__ BRI B £ & BKTE
7Z=1D55
R L) -
a,

1 3/2 1
R —_| = - —r/2a0 L
(ao) \/7 d

2
—r/3a0 _=
3a0 27 ao

| |3 i
Y, = icos@ Y. =7F sinf e*"*
’ 47 " 87
Y, = 1/i(Bcoszﬁ—l)
20 167
=T /g sinfcos e*"
" 87T
Y,, = q/i sin” 0 e***
” 32n

o<
[

Orthonormality & E 4
f Ooo R (MR ,(ry’dr=35

f(pn,m(pn,m sinfdrd0d¢ = o,,.0,,0
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Probability density

. . V4 N *
Radial wave function EJE; SRR
adia R EIIETES 7= R SRR
BFORETE
= r2|Ry(r)|?
1s 1s
0.6 -1
B K—FORFRIEIEE
2p -
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3s o 2g
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0 _/NC j 3d
5 10 15 20 25
r/ag (ag: R—TFHE)
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Continuum states ERIARE. EHIREE

>0 Necessary when ionization is considered T A Mtz & 2 5 & EZICHE

>0 Arbitrary positive number EE D 1IE DEH
p(r)=R,(r)Y,0,0) [=0 “l<ns<l

/_

Radial wave function EjZ;KEIEI% — Coulomb wave function 7 — O >/ K EIEFEK

NVARET (2kr)"
— Vs +n? e F(in' +1+12 +2 2ikr)
CA1-e?m L (2I+1)! confluent hypergeometrlc function

(SPipEraEbs A CIESE
wave number JK¥ k=~2mE/h=~2E n'= %
e=e = f Z(MR,,(Nridr =0

f ‘R (r)‘ r’dr>0 =y Density of states IRREZE

R,(
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Radial wave function BN K EIEE %k

Bound states FREIREE Continuum states BEIARE (GERFTIRRE

10
-
£
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ity
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=]
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r ®$1ﬁti a (/—I_{\—TéléT%) _2 -1 0 T: 2

Coulomb wawve function

Chat your student ID number and full name. No. 14
This lecture is recorded.



Advanced Laser and Photon Science for internal use only (Univ. of Tokyo)

Coulomb wave function vs. electron in a

free space UnN=0 7 —0O YV KEIBEEEE
PHEDEBFFEEIBEHD & D

1

V(r)=0 —le @(r) = e@(r) _5[51”2 %i l(l:l)]R() eR(r)

In a free space | R, (r)= \/7 ]l(kl’) — \/7 lcos[kr—%(l+l)]
k r

Spherlcal Bessel function

: 1 Z
Coulomb wave function | R, (r)——— 2 —coslkr + zlog 2kr - g(l +1)-o0,

Tk r

[ =

Phase shift fIfH> 7 & (UBDI 1) 0, = argl(I +1+iZ/k) . Couomb
rR;,(r)

i OO AN
SR piy WAV VN TARYAN VAR VA

V(r)=0
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Short-range potential V(r) =0 at r > r,

MEEBERT V> vIL
V(r)=0 1 1ld® 2d l(l+1)
- ==t R ER(r
r>r0 V QO(r) g(p(r) 2|:d}"2 r d}" }" ( ) ( )
R, (r)= ‘/ c i(kr)+c,y, kr)) Spherical Bessel function

Yo

J1
J, , 2

J4
M °
6/ 0>,

-2

NIST Handbook of Mathematical Functions —4 NIST Handbook of Mathematical Functions
Figure 10.48.1: j,(x),n =0(1)4, 0 <z < 12. Figure 10.48.2: y,(z),n =0(1)4, 0 < z < 12.

: (kr)’ 1 ~

Ji(kr)——— 2+ — ECOS kr —(l +1)
N

(2! D"ﬁisin[kr—g(lﬂ)]

r—0 - (kr)l+1 F—>00 ki"

Phase shift (B> 7 & (fifBD I 1)
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Temporal evolution by an external field
Niz & DHEEERIC K 2RERE

z‘;—‘f - —%Vzw,r)— 2 (e 1)+ V, (e )Y(r 1)
r
<
N\ 82 A YEF Interaction
- (H,+H)ys) — H,= —%Vz L H =V,
r

Without the external field JHE{ERBIEHN R W\HEH
Ho =¢¢ () Y, ()= @™ w,= %’“ Eigen state [EHIARE
With the external field S A EFRIEN H 5155
Y=Y e,p,me ¢ = [o,@prndV = (n|y)

Ho‘n>=a)n

n)  (atomic unit)
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i%‘w = (Ho+ H) (n|y)=c,e™
.0
15<HW>= (n|Hy+H,|y)=(n|Hy|y)+(n|H,| )= o, (n|p)+(n|H,|y)
= (n|H,|yp)e ™ E‘m> (m|=1 Identity operator EAER F

can be inserted anywhere

€, = 3l )™ = e

m m

ic, = E<n‘H,‘m>cmei(‘“”_‘“’")t

m

(n|H,|m) Transition matrix element B TIER

Transition from m to n due to the interaction H,

Image 1 X—3 IREE m DB EVERHIC & > TRREEn ICBBT 2

The interaction H, couples m to n.
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Important example: Rabi oscillation

EELH : T EIRE

Resonance frequency B2 IRENIEL (HISIRENZD

SEENRT
hiw, =€, - ¢, 2 R
2
e L ‘Cz‘ €
Two-level atom 2 ZE %
If the laser frequency w s close to @, ha,
only the two levels are relevant.
s » N 2
FHDIREED @ lEWN & E . ] (e £,
%El-i@#rf E‘%%j% D) il«_\_ Et:hafc.__

DDREFIRRED o

W(I'J) = Cl(t)wl(rJ)+C2(t)IP2(r9t)
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i = Iy - L+ Ve owr
ot 2 r

Y(r.p)=C @)y, (r)+C, 1), (r1) ho,
J (e

*dr = |C,(0) +]C, (0 =1 (of

JC JC
V.(C C =j| — —2
1( Y+ 2l/j2) l( P Y, + P 1/6)

multiply with’from the left and take a volume integral

Y, ZEDSNNT TERED

.0C .y sl
10,,—;=C1‘/11+C2V126 ' sz=<l‘V1‘]>=f(in1(pjd3r
Similarly ;9% _ ¢ vy, Loy,
[ERIC ot
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Interaction Hamiltonian
MEERNZIIL =TV
Complete Hamiltonian for the interaction of an atom with

an electromagnetic field is rather complicated. &% & [RF
DOEDHEEEBICKT Z/\II)LNZT7 Y DRERFITEHM

. =

Dipole approximation is often sufficient. L —t—I[cBAL TIE. %< D
B SUIRT3E T2

e

0 1 ~
Wave number k = 2 <y E, cos(kx — wt)
B A
T~ Wavelength S & r
x<< A |:> kx <<1

Ze

E, cos(kx — wt) |:> E, cos wt

V, = zE, cos wt Dipole approximation
(RFEE)  BEWEFEM
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How V, couples the two levels.

"'VOENT T —ilcB BT %) Ele
&C =C\V,,+CV,e”’
T T Vy=(iVili)= [elVid’
V. = zE, coswt
z§_c eV, +C,V,, L
/A

V. =(iV,]j)= fqai*V,qojd3r= cosa)tszoqofqojd3r= X, cos wt

X, =X,=0 X,=X, =2y (Real %)

1L

. dC, io
&C = 2yC, e cos wt [—2=2yC,e'" coswt
8t ot
. 0’,C1 i(w-wyg)t —i(w+wq )t . 0"C2 i(w+w)t —i(w-w)t
[— = C[e " t+e ‘ ] [ —= = C[e ““+e ]
a1 a
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Rabi oscillation < ERE)

é)C (w , )t —i )t O’)C M L
i =vC )y e 0 _ ( t i(w-wg)t
—&t v [ ] l—ﬁt yC,le +e ]

L7yl Rotating wave approximation

0"C (w—a) )t . 0')C2 —i(w—a) )t
[—L=vye v C I—=="ve " C
Py Y 2 Py Y 1
Initial condition
AR ¢ =1,¢, =0
0-0,) . i >
C.(t)=|cosQz - (—Ostt exp|—(w - w, )t C €
(1) = ( o ) plz( 0)] C,| :
ly . l > (w=-w,)’ ho
C,(t)=—--"LsinQrexpl-—(w-w, )| Q= A Sulid | R 0
0=~ Lsingrex|-L(o-a )| 0=+
2
‘Cl‘ €
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Rabi oscillation < ERE)

Population N2 L—> 3>

Cwy -1-cof MVAVAYAVAVAYAVAVA

2 0.6

A
C,(1) =§sm29t

- w,|=3.5y

0.4

T

> 0.2
Q= \/)/2 +M 0.0 1 L L I I

‘Cl(l‘)‘z 4 0 2 4 6 8 10 12 y¢
o/ Absorption-emission cycle IR H Y1 7 )L
1. 1.0
W= W,
0.8 0.8
0.6[- 0.6/
‘Cz (t)‘Z 0.4 0.4
%; 0.2
0.0 | 1 | | | | 0.0 | | | | | |
0 1 2 3 4 S 6 7 0 2 4 6 8 10 12 yt
f f
R TR R o] 0927
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Dipole interaction can be expressed in either the
length or velocity gauge

0 i 0 A(t))?
7;% — [%+V(r)+r-E(t)] IR —— z% — [(p+2 (£) +V(r)] by
gauge transformation ¢, = " Ay, A(t) = — / E(t)dt vector potential

All physical observables are gauge invariant.

probability density ¢ |? = |y |?
projection on eigenstate i (or population of eigenstate i) depends on gauge!
[orvnds 2 [ orvvar’

Level population (such as C, and C,) is meaningful only if

A(t)=0 or after the pulse
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