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High-field & Ultrafast science

Ultrafast charge migration Attosecond science
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Time-dependent Schrodinger Equation (TDSE)
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First principles simulations
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Hydrogen atom

(7, t) = [—VQ 1y zE(t)] (7, 1)

Fixed orbital expansion?

va(t) — Cls(t)¢1s + 023 (t)¢23 + CQp(t)¢2p + ...

iCr(t) =Y {erbrs+ E(t)zrs} Cs(t)

: — bound — J

Original PDE is transformed into ODE
2s,2p

Difficult to include highly-excited/continuum states
ls

Directly numerical simulation of TDSE has been proved
more advantageous for strong-field phenomena
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Helium atom

e vV VvVZ 2 2 1 o
Z\Ij(rl,TQ,t) — [_ 21 _ 22 o E — E+(Zl+z2)E(t)+E] \Ij(’rl,’rQ,t)

He atom: already the limit of direct TDSE simulation
HelR ¥ TI TITRA

To solve many-electron TDSE
within a reasonable approximation
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First principles simulations
v" Time-dependent density functional theory (TDDFT)

p(ri) = N/d% ey [U(ry,ra, )|

Fast. Atoms, molecules, clusters, and solids 5T&E I X FMELY, EFNSEEET
Accuracy NOT systematically improvable st EfEE & R TR ETE /320N
Difficult to treat ionization process A 7 >/{bLiBFE D& ik 78 K £

Difficult to extract observables in general —fig DYIIR = D&+ F H H

v" Time-dependent wavefunction theory

\Ij(’rla’r27 o 'TN)

Demanding 5t&E 3 X FHE 0
Systematically improvable accuracy st RIBE Z RHMICM L TZ S
Can properly describe excitation/ionization process f 7 {LiBIE% b TE S

Can access to observables (FEDYIBEF5TH T 5

v" Time-dependent reduced density matrix theory
v" Time-dependent R-matrix-based approaches 018713 No. 6
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Time-dependent density functional theory
(TDDFT)

Electron density as a basic variable, not total wave function
BFRIBEBTRLESEFEREETNLGEH LTS

Exact in principle, approximate in practical

RERICIIEE, REEISALL

N/2
p(r.t) =2 [o(r,t)]7
Electron density ; Kohn-Sham orbital

Exchange-correlation
Hartree potential ~ potential

i, (1) = {ﬁ(r,t) + /dr’ p(r’) 4 VXC[p](r)} i ()

TDDFT equation
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Time-dependent wavefunction theory

\Ij(’r17r27 o ‘TN)
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(1) Time-dependent Hartree (TDH)
Urpa(Z1, 22, - Zn) = Y1(21)Y2(22) - - Un(ZTN)
Total wavefunction as a R E R E

(Hartree) product of orbitals BEREEDTE (/\—F)—18) Tl

x=A{r, 0}

r: spatial coordinate ZE 5] PEAZ Voi—1(x) = Yi(r)a(o)
o: spin coordinate AE > FEE V2i(x) = i(r)B(0)

wz(r) = </ﬁ(r,t) + /df" |r'0(_r2,‘ } Y5 (1)

\

s

I'D Hartree equation

Violate Pauli’s /39 D R xR
antisymmetricity principle JREBZ M=y 201873 No. 9
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(2) Time-dependent Hartree-Fock (TDHF)

(@) a(xe) oo i(EN) ]

va(x1)  Y2(®2) - Ya2(zN)

1 .
Urpar (21,22, - ZTN) = N det

 Un(T1) Yn(z2) - Yn(TN)
= |¢1¢2 -+ Y|

Single Slater determinant BH—OAL—52—1751K
/ N/2 . (o] /
. A T i\r
Z@DZ(’I’) — {]’L(’l", t) + /d’l"/ ’rp(_r??/‘ } wi('r)_ Z dr’ w] |(r z’(i,i )wj (’I")
j=1

Exchange interaction

TD Hartree-Fock equation
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(3) Multiconfiguration TDHF (MCTDHEF)

Superposition of 2D AL —45 —T75)2
Many Slater determinant (ZEE)
(Multi Configurations) DIRBE S

UnicrpHF (L1, 22, - TN ) =

™

Cz‘j---k‘%%' e wk‘ = Z Cro;
I

1,7, ,k
511 S _ _ _ _ _
il — - —Z T #
= — I X ® X
ng — 1] =C H+C 2+ +C, — +C; — +Cy — +...
vy — 1l H = H = —
54 — 1l —- H- —- H- -
3 — 1l H - +H-
Yo — 1 H B H- -
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TDHF (and TDDFT)

cannot appropriately

describe strong ionization process.
Why?
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Singlet two electron system (e.g, He)

Spatial part of TDHF wavefunction:
Uur(ry, r2) = Y1(r)Yi(r2)

i)y (r) = {fz(r,t) + /dr’ Y () } P1(r)

r—r

TDHF and TDDFT, with only 1 orbitals for 2 electrons,
CANNOT describe bound and 1onized electrons

1B E C2EFZECh I HATDHF ClI &R iEEF &
B EF RN TELL
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Singlet two electron system (e.g, He)

° o D

At least two spatial orbitals are required
DIGKEL 2B E R

Vave (T, m2) o< Y1 (1) (r2) + Y2(r1)vr(T2)

Generalized Valence Bond (Chemistry)
Extended Hartree-Fock (Physics)

S12 = (Y1]Y2) # 0
dSyo /dt # 0
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Singlet two electron system (e.g, He)

dipgle (a.u.)

o 1 2 3 4 5 ©6

time (optical cycle)
Dipole moment (mean position) 2018/7/3 No. 15
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Singlet two electron system (e.g, He)

00 o D

TD-GVB
Uave(r1, r2) o< Y1 (r1)a(re) + Y2 (r1)Y1(re)

S12 = (P1|h2) # 0

Good for N =2, but

Too complicated for N > 2
EF TR, KYZSEFADHLRIEEEE

|
mill
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Orbital redundancy

Linear transformation of orbitals,

that leaves total wavefunction invariant.
1

$+ + +<T> Vavp(ri,r2) = 7 Y1(71)2(r2) + Pa(r1)Y1(72)]

= A1¢1(r1)p1(12) + Aspo(1r1) P (12)

¢1¢2 BN wal A 1+ |S12] STa

A — )
F V20 + [S?) 1Sl

Equivalent! <&{ff ) 1= IS Sis
Y 2 = 5 ;
- N fAH—\ \/2(1+‘Sl2| )|512’
Nl = e )
4 J . L V2(1+1S12]) UIS12) : ’
=3 _ 1 { STe }
(P1]92) b= e
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Orbital redundancy
All Equivalent £ T/
N

r

SR B P £ 5a

i [3C] T (@il =
(_) MCTDHEF

Alr \+A r%\ Clr \+C2K‘H’\+C3 X+A
SRS IRS P [ J
(@1]¢p2) =0 (@1]¢2) =0

May be based on the most convenient ansatz
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ground state probability
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(W) (21 +22)|(2))

(W (0)[¥(2))[*

TDSE

|
+

GVB
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TDSE

|
+

GVB

é MCTDHF ——

time / optical cycle

W(1) =[5 Cig ()0:(1, )85 (2, )| o<1 (1, 10 (2, 1) + (1, )91 (2, 1)
MCTDHEF with two orbitals and TD-GVB are equivalent, with

MCTDHF being much simpler
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MCTDHF method for two electron systems

\Ij(t) :[ij Oij (t)¢z(17 t)¢j(27 t)] X ¢1 (17 t)¢2(27 t) + wQ(la t)wl (27 t)
v" Propagate both CI coefficients and orbitals
v Can improve accuracy by increasing orbitals

U(ry,ro,t) = Z Cij(t)i(r1,1)¢;(r2, )
]
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Nonsequential Double Ionization of Helium glijz }k - '%'!E" ﬁ%ﬁ

J.B. Watson,' A. Sanpera,! D.G. Lappas,>* P.L. Knight,2 and K. Burnett'
!Clarendon Laboratory, Department of Physics, University of Oxford, Parks Road, Oxford OX1 3PU, United Kingdom

2Optics Section, Blackett Laboratory, Imperial College, Prince Consort Road, London SW7 2BZ, United Kingdom

(Received 27 August 1996)
PRL, 78I, 1884 (1997) Experiment: = ER

- “Shoulder” region, or
10° £ “Knee” region
‘ % Simulation: 515
10° £ with electron-electron correlation neglected
E B FRIMEEEREZER
10" £
10 E Sequeni?- ...... Elonsequential
E- e :/V\”"
10° T A W 1 I

10" 10" 10"
Intensity ( W/cm® )
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 Accuracy can be
improved systematically
by increasing orbitals

107

1.0 x 1015
Intensity (W/cm )

\Ij(rlyr% ZCZ] sz 1, )¢J(r27 )

MCTDHF i1s a powerful tool for multielectron dynamics
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(3) Multicontiguration TDHF (MCTDHF)

s ZHOFREICIKRTEFT S
Superposition of 2 L—A— {555t

Many TD Slater determinants D f Bl et &

UnicTpHF (L1, T2, ZN) = Z Cijote |05t -+ - i | = ZCI(I)I
I

0,7,k
zﬁn _ _ - — _ _
by — Z = = B
= — T & F &
wg — leco 4‘,—+C1 ++C2—+C3—+C4_ +...
¢5 - Tl %,— 4‘7 %,— + -
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| A SR SO SE Sy
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(3) Multiconfiguration TDHF (MCTDHEF)

Problem:
Factorial cost scaling w.r.t number of electrons
SO N EFROBE M

UnicTpHF (L1, T2, ZN) = Z Cijoote|1hs j"'lbk‘EZCI(I)I

1,7, ,k I
in — _ - — _ _
by — Z = = B
= — T & F &
wg — Tl = Co 4"—+C1 ++C2 —+C3 —+C4_ +...
¢5 - Tl %7 4‘7 %,— + -
154 — 1 —- —— —- —— ——
s — 1 B O N
Yo — 1] S H -
| A SR SO SE Sy
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(4) More flexible methods

TS and K. L. Ishikawa, Phys. Rev. A, 88, 023402 (2013): core & active: TD-CASSCF
TS and K. L. Ishikawa, Phys. Rev. A, 91,023417 (2015): occupation restriction: TD-ORMAS

Flexibly classifying electrons into
active , dynamical core, and frozen core

— - = = = =
— — = = =
— - 3 X E
— 1 Active  _ C, $7+C1 ++C, — +CG —+Cp — 4+
— 1l S H- H- + D
— 1 H it +H H a2
_ + # H# #
— 1 Dynamical core 4 =i H- H- H-
— 1| Frozen core % % % % %

Less demanding (yet accurate), allowing deeper physical insight

than fully correlated MCTDHF
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Deriving Equations of motion
UneTpHE(T1,72, TN) = Z Cijorke|Vithy - - - Ui | = ZCI(I)I
I

i)j)"' 7k

Time-dependent variational principle

S :/dt<\11| (ﬁ—i%) )

05 = (0V| (lﬁl — 1%) ) +cc.=0

Equations of motion

; C . Z < P | f:[| P > C Field free one-electron terms
! I _I JId Electron-laser interaction
/ Electron-electron interaction

iths (1) = Q | {ho + Vexe ()} (r) +

Z/dr’wz‘glzzil/(‘r/)%(T)Pﬁk(l?_l)?% +Z¢j(T)R‘Z

1kim
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Real-space implementation

Local Potential Viz)f(zx) — V(x;) f(z;) BT vIL
2 . _ : .
Kinetic energy a_ (x) — fl@wiz1) = 2f(2i) + f(wit1) EBTRILE—
Ox? Ax?
Spherical coordinate for atoms
B(t) — 3 ey, 0,0)

klim

Multiresolution cartesian grids

¢p(t) — ¢p<xi7 Yjy Rk t)

divide divide

Curvilinear coordinate

Vp(t) — p(&i, &Gy ks B,
Up(€,t) = |J(E)] (T (€, 1))
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Absorbing boundary condition

RIS R A

Mask function, Complex absorbing potential (CAP), Exterior complex scaling (ECS), etc

Im(R(r)) 0.006
radial coordinate in iIrECS 0.005 |
R(r)
: 0.004
scaled region
(absorption) 0.003
unscaled region 9 0.002
/_/R Re(R(r)) g
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=)
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=
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r— R(r) = ; ( 0) E
Ro + (7“ — Ro)e n (7“ 2 Ro) =
5 0.006
.= 0005 |
<
N R 0.004
ikr
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Or 0.001
w VvV VV VYV VIV 0.000
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Absorbing boundary condition

R Ui SR &1
cyc= 200
40 | | | 1 1 1 I 00001
Scaled
20 R - 5x10°5
Unscaled
“((ey
-20 | - -5x105
_40 | | | | | | | _00001
-80 -60 -40 .20 0 20 40 60 80
X (a.u)
> 4 > ooss BB «)

Numerically converged simulation with a finite simulation box
AROFEEE THEMICIERL=> 22 L—a VAV Al R



Orbital energy / Hartree
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Applicaions
N M N
1 0 Za !
T=2\ 202 2 B a2 :
i=1 i =1 \/(33z — Xa)2 +C >3] \/(xz — ;)" +d
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o 004
©
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by SR g 0.00
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1D “LiH dimer” 4 valence and 4 core electrons
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Applicaions

3

49

dipole moment / au

3!
3!

- ey

00 05 10 15 20 25 3.0

time / optical cycle
TD-CASSCF(4e, 8a) reproduces MCTDHF(80, 100)
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Applicaions
r N

S — 11
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Applicaions
I I I I - N
Cutoft 102 | c 8e i —
i ! DC+4e —
?st)eop E;)I(llse; "“m.,::::::: .......... FC+de -ooeoeer - —
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harmonic order

E

ucidating roles of valence and core dynamics
2018/7/3 No. 33



