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4. High-harmonic generation  
高次高調波発生
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HARMONIC 
GENERATION
高調波発生
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Process whereby integer multiples of the 
original light’s frequency (fundamental 
frequency) are generated.

線形光学効果

非線形光学効果

結晶等

結晶等

波長変換 物質の応答が、入射光強度に非線形に依存
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Even-order components vanish for a 
medium with inversion symmetry
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反転対称な物質では、偶数次はゼロ
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摂動論的高調波発生 
PERTURBATIVE HARMONIC GENERATION

次数が高くなるほど、発生効率は減少。
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３次高調波発生の概念図
Ionization

Virtual level

Ground state

4

MTHG =
�

h,i,f

�
�3 · D1h�1 · Dhi�1 · Dij�1 · Dj1

(3�1 � �h)(2�1 � �i)(�1 � �j)

+
�1 · D1h�3 · Dhi�1 · Dij�1 · Dj1

(��1 � �h)(2�1 � �i)(�1 � �j)

+
�1 · D1h�1 · Dhi�3 · Dij�1 · Dj1

(��1 � �h)(�2�1 � �i)(��1 � �j)

+
�1 · D1h�1 · Dhi�1 · Dij�3 · Dj1

(��1 � �h)(�2�1 � �i)(�3�1 � �j)

遷移行列要素Transition matrix element
3rd harmonic

order ↑ efficiency ↓
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摂動論的高調波発生 
(PERTURBATIVE HARMONIC GENERATION)
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3rd harmonic 5th harmonic

Ionization Ionization

Virtual level
Virtual level

Ground state Ground state

次数が高くなるほど、発生効率は減少。

order ↑ efficiency ↓
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高次高調波発生 
HIGH-HARMONIC GENERATION (HHG)

新しい極端紫外・軟エックス線光源として注目される。 
New extreme ultraviolet (XUV) and soft X-ray source
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discovered in 1987
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Intense laser pulse gas jet harmonics of high orders

Highly nonlinear optical process in which the frequency of laser light is converted 
into its integer multiples. Harmonics of very high orders are generated.
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HARMONIC SPECTRUM 高調波スペクトル
How high orders?

Wahlström et al., Phys. Rev. A 48, 4709 (1993)

1015 W/cm2

was raised up to 26 mJ, a maximal output energy exceeding
7 mJ was achieved at the signal wavelength near 1.4 !m.

Temporal characterization of amplified OPA pulses was
performed using a single-shot autocorrelation !AC" tech-
nique. A typical AC trace is shown in the inset of Fig. 2.
Assuming a Gaussian pulse shape, the pulse width of 1.4 !m
pulse was evaluated to be 40 fs in full width at half maxi-
mum !FWHM", the energy of which corresponds to the red
filled circles in Fig. 3. The solid red line depicts the Fourier-
transform-limited AC trace obtained from the amplified OPA
spectrum. The measured pulse width was almost transform
limited and the signal pulse width was shorter than 65 fs
over the entire tuning range.

Using the developed high-energy 1.4 !m OPA pulses,
we have performed a proof-of-principle experiment on soft
x-ray harmonic generation from an Ar gas target under a
nonionized medium condition to exhibit the performance of
our developed IR source. The 1.4 !m IR pulses were fo-
cused with f =250 mm CaF2 lens and delivered into the tar-
get vacuum chamber through a thin CaF2 window. The Ar
gas target was supplied by a 2 mm synchronized gas jet op-
erating at 10 Hz. We used an imaging spectrometer set
530 mm away from the Ar gas target to measure the spec-
trograph of the HH beam. The blue profile in Fig. 4 shows
the measured HH spectrum of Ar driven by a 1.4 !m pulse
with a backing pressure of 10 atm. The focusing intensity
was fixed to be 1.5"1014 W /cm2 at the interaction region in
order to use a neutral Ar gas condition. Thus, the pump en-
ergy of the 1.4 !m pulse was set at 2 mJ with a beam diam-
eter of 5 mm. We have generated 105 eV harmonics in the
neutral Ar gas condition. We found an intensity minimum at
around 50 eV in Ar spectrum. This minimum point matches
closely the minimum observed in the photon ionization cross
section of Ar due to the Cooper minimum.18 As shown in the
inset of Fig. 4, the almost perfect Gaussian profile of the HH
suggests that there is no density disturbance due to ionization
in the interaction region7. The white profile in the inset indi-
cates the far-field spatial profile of a 90 eV harmonic beam.
The output beam divergence was measured to be #5 mrad
FWHM. This good beam quality indicates that a phase

matching condition would be substantially satisfied on the
propagation axis of the pump pulse. The red profile shows
the Ar harmonic spectrum driven by a 0.8 !m pulse of which
cutoff energy was measured to be approximately 48 eV. HH
spectrum driven by a 1.4 !m pulse was roughly two order
magnitudes lower than that of driven by a 0.8 !m pulse. The
measured HH spectrum driven by a 1.4 !m pulse shows a
significant cutoff extension compared with that obtained with
the 0.8 !m driving field. This result reveals that the 1.4 !m
field generates photons having approximately two times
higher energy than the 0.8 !m field with the same intensity.
This photon energy’s difference is in good agreement with a
predicted value from the cutoff formula.

In conclusion, we have developed a high-energy IR
sources based on OPA to generate higher photon energy har-
monic beams. Output energy exceeding 7 mJ with 40 fs
pulse width was achieved at a signal wavelength near
1.4 !m. Total output energy of 12 mJ was recorded with
#45% conversion efficiency. In addition, the measured Ar
HH spectrum driven by a 1.4 !m shows a significant cutoff
extension exceeding 100 eV while the harmonic spatial pro-
file is almost perfectly maintained. Our developed IR source
is attractive not only for extending the HHG energy toward
the kiloelectronvolts region but also for examining the en-
ergy scaling of HHG under the phase matching condition.7
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FIG. 4. !Color online" Experimentally obtained harmonic spectra in Ar. Red
and blue profile depict the spectra with #0=0.8 !m pump and #0=1.4 !m
pump, respectively. Both HH spectra are normalized to the peak intensity.
The laser focused intensity is adjusted to generate HH under a neutral con-
dition for both wavelengths. The inset shows a measured two dimensional
harmonic spectrum image driven by 1.4 !m pump.
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Harmonic order

800÷31= 26 nm

Only odd orders 奇数次のみ

7

gas is a medium of 
inversion symmetry

TDSE Simulation

期待媒質は反転対称
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Even up to 1.6 keV, > 5000 orders
almost x-ray!

a new type of laser-based radiation source
レーザーをベースにした新しいタイプの放射線源

Popmintchev et al., Science 336, 1287 (2012)
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Wahlström et al., Phys. Rev. A 48, 4709 (1993)

1015 W/cm2 TDSE Simulation

プラトー(plateau)：Efficiency does NOT decrease with 
increasing harmonic order. 次数が上がっても強度が落ちない。 

カットオフ(cutoff)：Maximum energy of harmonic photons

摂動論的には解釈できない

plateau

cutoff
plateau

cutoff

ポンデロモーティブエネルギー
Up(eV) =

e2E2
0

4m�2
= 9.3� 10�14I(W/cm2)�2(µm)

800 nm, 1.6×1014 W/cm2
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Ec � Ip + 3.17Up
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Plateau and cutoff プラトーとカットオフ
- remarkable feature of high-harmonic  generation -

ponderomotive energy
These features cannot be understood as perturbative harmonic generation.
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高次高調波発生のメカニズム 
３ステップモデル 3-STEP MODEL

Paul B. Corkum, Phys. Rev. Lett. 71, 1994 (1993)

10

K. C. Kulander et al., in Super-Intense Laser-Atom Physics, NATO ASI Ser. B, Vol. 316, p. 95 (1993)

Paul B. Corkum

   →

tunneling 
ionization

recombination

photon emission (HHG)

Laser field レーザー電場

Semiclassical 
electron motion

electron

E(t) = E0 cos �t

トンネル電離 電場中の古典的加速

再結合

発光（高次高調波）
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3-STEP MODEL OF HHG 
高次高調波発生の３ステップモデル

Ekin = 2Up(sinφ − sinφ0)2

再衝突

11

時刻 でイオン化。原点に初速ゼロで出現t0

mz̈ = �eE0 cos �t ż(t0) = 0 z(t0) = 0

Normalization 規格化 �0 = �t0� = �t

z =
E0

�2
[(cos �� cos �0) + (�� �0) sin�0]

Ionization at with vanishing initial velocity at origint = t0

Recombination at z = 0φ = φret(φ0) , which satisfies

   →

tunneling 
ionization

recombination

photon emission (HHG)

Laser field レーザー電場

Semiclassical 
electron motion

electron

E(t) = E0 cos �t

トンネル電離

電場中の古典的加速

再結合

発光（高次高調波）
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TIME (PHASE) OF RECOMBINATION 
再衝突時刻

350

300

250

200

150

100

50

0

Ph
as

e 
of

 re
co

m
bi

na
tio

n 
(p

hi
_r

)

150100500
Phase of electron release (phi0)

12

z = 0

(cos �)�|�0 =
cos �ret � cos �0
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の場合再結合できない

�

2
< �0 < �

no recombination for

phase of ionization vs phase of recombination
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Simple explanation of the cut-off law 
カットオフ則のシンプルな説明
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同じ高調波次数（光子エネルギー）に対応するイオ
ン化時刻と再結合時刻のペアは２つある。

short trajectory
long trajectory
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Ec = Ip + 3.17Up

再結合時の運動エネルギーの最大値

cut-off カットオフ
3.17Up

There is the maximum kinetic energy 
which is classically allowed.

There are two pairs of ionization and 
recombination times which contribute to 
the same harmonic energy.
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WHY DO HARMONIC SPECTRA CONSIST OF 
DISCRETE PEAKS? なぜ、高次高調波スペクトルは離散的なのか？

was raised up to 26 mJ, a maximal output energy exceeding
7 mJ was achieved at the signal wavelength near 1.4 !m.

Temporal characterization of amplified OPA pulses was
performed using a single-shot autocorrelation !AC" tech-
nique. A typical AC trace is shown in the inset of Fig. 2.
Assuming a Gaussian pulse shape, the pulse width of 1.4 !m
pulse was evaluated to be 40 fs in full width at half maxi-
mum !FWHM", the energy of which corresponds to the red
filled circles in Fig. 3. The solid red line depicts the Fourier-
transform-limited AC trace obtained from the amplified OPA
spectrum. The measured pulse width was almost transform
limited and the signal pulse width was shorter than 65 fs
over the entire tuning range.

Using the developed high-energy 1.4 !m OPA pulses,
we have performed a proof-of-principle experiment on soft
x-ray harmonic generation from an Ar gas target under a
nonionized medium condition to exhibit the performance of
our developed IR source. The 1.4 !m IR pulses were fo-
cused with f =250 mm CaF2 lens and delivered into the tar-
get vacuum chamber through a thin CaF2 window. The Ar
gas target was supplied by a 2 mm synchronized gas jet op-
erating at 10 Hz. We used an imaging spectrometer set
530 mm away from the Ar gas target to measure the spec-
trograph of the HH beam. The blue profile in Fig. 4 shows
the measured HH spectrum of Ar driven by a 1.4 !m pulse
with a backing pressure of 10 atm. The focusing intensity
was fixed to be 1.5"1014 W /cm2 at the interaction region in
order to use a neutral Ar gas condition. Thus, the pump en-
ergy of the 1.4 !m pulse was set at 2 mJ with a beam diam-
eter of 5 mm. We have generated 105 eV harmonics in the
neutral Ar gas condition. We found an intensity minimum at
around 50 eV in Ar spectrum. This minimum point matches
closely the minimum observed in the photon ionization cross
section of Ar due to the Cooper minimum.18 As shown in the
inset of Fig. 4, the almost perfect Gaussian profile of the HH
suggests that there is no density disturbance due to ionization
in the interaction region7. The white profile in the inset indi-
cates the far-field spatial profile of a 90 eV harmonic beam.
The output beam divergence was measured to be #5 mrad
FWHM. This good beam quality indicates that a phase

matching condition would be substantially satisfied on the
propagation axis of the pump pulse. The red profile shows
the Ar harmonic spectrum driven by a 0.8 !m pulse of which
cutoff energy was measured to be approximately 48 eV. HH
spectrum driven by a 1.4 !m pulse was roughly two order
magnitudes lower than that of driven by a 0.8 !m pulse. The
measured HH spectrum driven by a 1.4 !m pulse shows a
significant cutoff extension compared with that obtained with
the 0.8 !m driving field. This result reveals that the 1.4 !m
field generates photons having approximately two times
higher energy than the 0.8 !m field with the same intensity.
This photon energy’s difference is in good agreement with a
predicted value from the cutoff formula.

In conclusion, we have developed a high-energy IR
sources based on OPA to generate higher photon energy har-
monic beams. Output energy exceeding 7 mJ with 40 fs
pulse width was achieved at a signal wavelength near
1.4 !m. Total output energy of 12 mJ was recorded with
#45% conversion efficiency. In addition, the measured Ar
HH spectrum driven by a 1.4 !m shows a significant cutoff
extension exceeding 100 eV while the harmonic spatial pro-
file is almost perfectly maintained. Our developed IR source
is attractive not only for extending the HHG energy toward
the kiloelectronvolts region but also for examining the en-
ergy scaling of HHG under the phase matching condition.7
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FIG. 4. !Color online" Experimentally obtained harmonic spectra in Ar. Red
and blue profile depict the spectra with #0=0.8 !m pump and #0=1.4 !m
pump, respectively. Both HH spectra are normalized to the peak intensity.
The laser focused intensity is adjusted to generate HH under a neutral con-
dition for both wavelengths. The inset shows a measured two dimensional
harmonic spectrum image driven by 1.4 !m pump.
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トンネル電離と高調波の発生は、レー
ザーの半周期ごとに起こる。
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   →

tunneling 
ionization

recombination

photon emission (HHG)

Laser field レーザー電場

Semiclassical 
electron motion

electron

E(t) = E0 cos �t

トンネル電離 電場中の古典的加速

再結合

発光（高次高調波）

This is repeated every half cycle with 
an alternating phase
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the emission of a pulse of a high-order harmonic field every
half-cycle period. In this model, the trajectory of the
electron, moving along the direction of the electric field
of the fundamental laser, determines the phase of the
emitted harmonic field. Therefore, our finding of the
!-flipped phase in the attosecond pulse train verifies that
harmonic pulses are certainly from electrons detached
from opposite sides at every half-cycle period of the fun-
damental laser field.

Note that the clear observation of phase locking in the
actual experiment is due to the small number of interfer-
ence fringes emerging from near single-cycle pulses in the
APT. We estimated the duration of the pulse by comparing
the calculated results of the interferometric autocorrelation
of the harmonic fields with group-delay dispersion (GDD)
and its Fourier transform to the measured results. Details of
this calculation will be reported elsewhere. We plot the
calculated autocorrelation trace and its magnitude square
of Fourier amplitude as solid blue curves in Figs. 2(a) and
2(b), respectively. Setting the GDD to 1:3! 10"32 #s2$,
which is the measured numeric value with the separate
experiment [11], there is fairly good agreement between
the experimental observation and the calculated result of
both autocorrelation and Fourier transform. The increased
GDD to 2:0! 10"32 #s2$ reduced the height of the enve-
lope with the remaining interference fringe in the autocor-
relation so that the intensity at 2"f in the Fourier transform
is almost equal to that at 11"f. Therefore, 1:3! 10"32 #s2$
is the reasonable GDD in practice, although we might take
into account the intrinsic response of N2 to two-photon
absorption, as was mentioned in Refs. [27,28] for rare-gas
atoms, in order to determine GDD in more detail.

The envelope and optical field of the attosecond pulse
train, evaluated from the measured intensity ratio of the
harmonic fields from the 9th to 19th orders and the esti-
mated GDD, are shown in Fig. 3. The duration of the pulse
envelope is 320 attoseconds in full width at half maximum,
which corresponds to only an %1:3-cycle period of the
principal carrier frequency of the 11th harmonic field.
Thus, we can clearly see the relative phase of interference
fringes to pulse envelopes.

In conclusion, we have shown clear evidence of the
locked phase in an attosecond pulse train by interferomet-
ric autocorrelation. The detection of fringes that emerged
from the interference of a pulse sequence in the XUV range
enables us to determine the phase difference between
pulses, so that we would obtain the instantaneous shape
of the optical field in the attosecond pulse train by combin-
ing this result with those obtained by other techniques for
measuring the chirp [9,11,29] and by using a driving laser
field whose absolute phase is stabilized [1,2]. Thus, an
optical synthesizer of XUV light comes into the realm of
reality.

We thank Dr. E. J. Takahashi at RIKEN for his support in
generating intense harmonic fields. This study was finan-
cially supported by MEXT through a Grant-in-Aid for
Scientific Research on Priority Areas, for Young
Scientists (A) and for Young Scientists (B).
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FIG. 3 (color online). Estimated intensity profile of the atto-
second pulse train (dark-green curve with hatched area) and the
optical field (dark-blue curve).
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実験的にも観測されている
高調波の電場波形の概念図

f(t) = �f(t� �/�0)
基本波の奇数倍の周波数成分のみを含む。
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１つの次数のみが存在するときの光電界

16

Eh(t) = Eq cos(qω + φq) = E2n+1 cos[(2n + 1)ω + φ2n+1]
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train of repeated 
pulses

複数の次数（奇数次）が混在するときの光電界

17

Eh(t) =
∑

q

Eq cos(qω + φq) =
∑

q

E2n+1 cos[(2n + 1)ω + φ2n+1]

等間隔の周波数成分 等間隔のパルス列

MULTIPLE (ODD) HARMONIC COMPONENTS

• attosecond pulse train (APT)  
アト秒パルス列になっている

• bursts repeated every half cycle of the 
fundamental laser 
パルスの間隔は、基本波の半周期

• adjacent pulses have an opposite phase 
隣り合うパルスは位相が反転
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We don’t need “photons” to understand harmonic generation
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DISCRETE PEAKS OF ODD HARMONICS 
CAN BE INTERPRETED IN TWO WAYS.
高次高調波の奇数次のみを含む離散的なピークは、二通りに解釈できる。

18

• Integer number of photon energy + 
inversion symmetry  
光子エネルギーの整数倍＋反転対称性

• Light emission repeated every half cycle 
(with alternating phase) 
基本波の半サイクルごとに、反対の位相で光放出
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次数によって高調波の発生時刻が異なる

19

低次が先に高次が後で発生する。

ポジティブチャープ
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Mairesse et al., Science 302, 1540 (2003)

ショートトラジェクトリーの場合

where !O is the selected spectral bandwidth. The attosecond pulses corresponding
to the first trajectory are thus positively chirped (the low orders are emitted before
the high orders), while those corresponding to the second trajectory exhibit a
negative chirp.

Figure 4. XFROGmeasurements [20]. The images on the right and left sides of the figure
represent the photoelectron signal as a function of the delay between pump and probe
and energy of the photoelectron (vertical). On the left, several sidebands with order
22, 20, 18, 16, 14 from the top to the bottom obtained for a Fourier-transform-limited
laser pulse are shown. On the right, the sideband 18 is shown for three fundamental
chirps: bfund ¼ 1:2, 0, "0:8# 1027 s"2. The graph in the middle shows the measured
(filled symbols) and simulated (open symbols) chirp rates as a function of order in
the three different fundamental chirp cases (see text). The black straight line is a fit to
the simulated points; the blue and red lines are obtained from the latter by using
equation (7).
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Figure 5. Attosecond pulse train corresponding to the superposition of groups of 5
consecutive harmonics generated in neon at 3:8# 1014 Wcm"2: harmonics 25 to 33
(red), 35 to 43 (green), 45 to 53 (blue), 55 to 63 (purple). The train corresponding
to the full available spectral width (25 to 69) is shown by the yellow-filled curve.
Dots represent the absolute value of the laser electric field [21].

Frequency chirp of harmonic and attosecond pulses 387

Ne

測定

理論

Varju et al., J. Mod. Opt. 52, 379 (2005)
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刻

Time of emission depends on harmonic order

measurement

theory
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Higher-order components emitted 
later

For the case of short trajectory

Amazing predictive power of 
the 3-step model!
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K. L. Ishikawa, “High-harmonic generation” in Advances in Solid-
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次数によって高調波の発生時刻が異なる
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高次高調波発生の量子論

21

Lewenstein et al., Phys. Rev. A 49, 2117 (1994)

Quantum theory of 
high-harmonic generation

Lewenstein model
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高強度場近似

22

•励起状態の寄与を無視　The contribution of all the excited 

bound states can be neglected.

•連続状態に対する原子のポテンシャルの効果を無視
（連続状態を平面波で近似）The effect of the atomic potential 

on the motion of the continuum electron can be neglected.

•基底状態の減少を無視　The depletion of the ground state can be 

neglected.

Strong-field approximation (SFA)
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双極子モーメント 
Time-dependent dipole moment 

i
��(r, t)

�t
=

�
�1

2
�2 + V (r) + zE(t)

�
�(r, t)

x(t) � ��(r, t) | z | �(r, t)�

x(t) = i

� t

��
dt�

�
d3p d�(p + A(t)) · exp[�iS(p, t, t�)] · E(t�)d(p + A(t�)) + c.c.

= i

� t

��
dt�

�
d3p ��(r)eiIpt|z|p + A(t)� exp

�
�i

� t

t�
dt��

�
[p + A(t��)]2

2

��
�p + A(t�)|zE(t�)|�(r)eiIpt�� + c.c.

イオン化再結合 レーザー場中での運動

= i

� t

��
dt�

�
d3p ��(r)eiIpt|z|p + A(t)� exp

�
�i

� t

t�
dt��

�
[p + A(t��)]2

2

��
�p + A(t�)|zE(t�)|�(r)eiIpt�� + c.c.

イオン化再衝突電子波束

遷移双極子行列要素
transition dipole

半古典的作用積分 S(p, t, t�) =
� t

t�
dt��

�
[p + A(t��)]2

2
+ Ip

�

semiclassical action

recombination motion in the laser field ionization
3-step model

ionizationrecolliding electron wave packetDipole moment between the recolliding 
wave packet and the ground state

再衝突電子波束と基底状態との間の双極子モーメント

transition dipole
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高調波スペクトル＝双極子モーメントのフーリエ変換

x̂(�h) = i

� �

��
dt

� t

��
dt�

�
d3p d�(p + A(t)) · exp[i�ht� iS(p, t, t�)] · E(t�)d(p + A(t�)) + c.c.

５重積分

鞍点解析
cf. path integral 経路積分

five-dimensional integral

saddle-point analysis

HARMONIC SPECTRUM 
= FOURIER TRANSFORM OF DIPOLE MOMENT
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saddle-point analysis (SPA)

➡ physically corresponds to the 3-step model

[p + A(t�)]2

2
= �Ip

[p + A(t)]2

2
+ Ip = �h

tunneling ionization

� t

t�
[p + A(t��)]dt�� = 0

harmonic photon energy
= kinetic energy at recombination + ionization potential

recombines at the location of ionization

Saddle-point equations

x̂(�h) =
�

s

�
�

� + i
2 (ts � t�s)

�3/2
i2��

det S��(t, t�)|s
d�(ps + A(ts))

� exp[i�hts � iS(ps, ts, t
�
s)]E(t�s)d(ps + A(t�s)),

solutions 解 → trajectories トラジェクトリー
t’  time of ionization
t  time of recombinationトンネル電離

イオン化と再結合の位置が同じ

高調波の光子エネルギー ＝ 再結合時の運動エネルギー ＋ イオン化ポテンシャル

３ステップモデルに物理的に対応
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Example of saddle-point 
solutions 鞍点解の例

•３ステップモデルは、量子力学的なLewensteinモデルのよい近似になっている。
→ ３ステップモデルの成功の理由 26

E(t) = E0 cos �t Ar (Ip = 15.7596 eV) 1.6� 1014 W/cm2

破線は３ステッ
プモデルの解

「トンネル時間」
に対応すると解釈
されている

Ec = 3.17Up + gIp

(g � 1.3)

cutoff カットオフ

の実部（上）と虚部（下）� = �t�� = �t�Real part (top) and imaginary part (bottom) of 

dashed lines: 
3-step model

interpretted as 
“tunnling time”

‣ The 3-step model is a good approximation to the quantum-
mechanical Lewenstein model → Success of the 3-step model
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アト秒パルス列

単独アト秒パルス
と

attosecond pulse train (APT)

isolated attosecond pulse (IAP)
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高次高調波は、基本波レーザーの半周期ごとにアト秒のバーストとして発生する（アト秒
パルス列）

28

the emission of a pulse of a high-order harmonic field every
half-cycle period. In this model, the trajectory of the
electron, moving along the direction of the electric field
of the fundamental laser, determines the phase of the
emitted harmonic field. Therefore, our finding of the
!-flipped phase in the attosecond pulse train verifies that
harmonic pulses are certainly from electrons detached
from opposite sides at every half-cycle period of the fun-
damental laser field.

Note that the clear observation of phase locking in the
actual experiment is due to the small number of interfer-
ence fringes emerging from near single-cycle pulses in the
APT. We estimated the duration of the pulse by comparing
the calculated results of the interferometric autocorrelation
of the harmonic fields with group-delay dispersion (GDD)
and its Fourier transform to the measured results. Details of
this calculation will be reported elsewhere. We plot the
calculated autocorrelation trace and its magnitude square
of Fourier amplitude as solid blue curves in Figs. 2(a) and
2(b), respectively. Setting the GDD to 1:3! 10"32 #s2$,
which is the measured numeric value with the separate
experiment [11], there is fairly good agreement between
the experimental observation and the calculated result of
both autocorrelation and Fourier transform. The increased
GDD to 2:0! 10"32 #s2$ reduced the height of the enve-
lope with the remaining interference fringe in the autocor-
relation so that the intensity at 2"f in the Fourier transform
is almost equal to that at 11"f. Therefore, 1:3! 10"32 #s2$
is the reasonable GDD in practice, although we might take
into account the intrinsic response of N2 to two-photon
absorption, as was mentioned in Refs. [27,28] for rare-gas
atoms, in order to determine GDD in more detail.

The envelope and optical field of the attosecond pulse
train, evaluated from the measured intensity ratio of the
harmonic fields from the 9th to 19th orders and the esti-
mated GDD, are shown in Fig. 3. The duration of the pulse
envelope is 320 attoseconds in full width at half maximum,
which corresponds to only an %1:3-cycle period of the
principal carrier frequency of the 11th harmonic field.
Thus, we can clearly see the relative phase of interference
fringes to pulse envelopes.

In conclusion, we have shown clear evidence of the
locked phase in an attosecond pulse train by interferomet-
ric autocorrelation. The detection of fringes that emerged
from the interference of a pulse sequence in the XUV range
enables us to determine the phase difference between
pulses, so that we would obtain the instantaneous shape
of the optical field in the attosecond pulse train by combin-
ing this result with those obtained by other techniques for
measuring the chirp [9,11,29] and by using a driving laser
field whose absolute phase is stabilized [1,2]. Thus, an
optical synthesizer of XUV light comes into the realm of
reality.

We thank Dr. E. J. Takahashi at RIKEN for his support in
generating intense harmonic fields. This study was finan-
cially supported by MEXT through a Grant-in-Aid for
Scientific Research on Priority Areas, for Young
Scientists (A) and for Young Scientists (B).
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[13] K. Varjú et al., Phys. Rev. Lett. 95, 243901 (2005).
[14] E. J. Takahashi et al., Opt. Lett. 27, 1920 (2002).
[15] E. Takahashi et al., Phys. Rev. A 68, 023808 (2003).
[16] Y. Nabekawa et al., Phys. Rev. Lett. 94, 043001 (2005).
[17] H. Hasegawa et al., Laser Phys. 15, 812 (2005).
[18] E. J. Takahashi et al., Opt. Lett. 29, 507 (2004).
[19] E. J. Takahashi et al., IEEE J. Sel. Top. Quantum Electron.

10, 1315 (2004).
[20] K. Hoshina et al., J. Phys. B 39, 813 (2006).
[21] T. E. Glover et al., Phys. Rev. Lett. 76, 2468 (1996).
[22] E. W. Thulstrup and A. Andersen, J. Phys. B 8, 965 (1975).
[23] R. W. Wetmore and R. K. Boyd, J. Phys. Chem. 90, 5540

(1986).
[24] In fact, the fringes corresponding to the carrier frequencies

of the harmonic fields in the IAC trace should originate
from the term ~S&'(&!2&N'1(; 0(~S&'() &!2&N'1(; #(, where the
mode-resolved correlation amplitude ~S&'(&!2&N'1(; #( was
defined as Eq. (2) in Ref. [11]. The factor ei&2n'1(!f# in
~S&'(&!2&N'1(; #( necessarily yields the odd parity of the
fringes to the translation of the delay with &q' 1=2(Tf.

[25] P. B. Corkum, Phys. Rev. Lett. 71, 1994 (1993).
[26] M. Lewenstein et al., Phys. Rev. A 49, 2117 (1994).
[27] T. Nakajima and S. Watanabe, Phys. Rev. A 70, 043412

(2004).
[28] L. A. A. Nikolopoulos et al., Phys. Rev. Lett. 94, 113905

(2005).
[29] T. Sekikawa et al., Phys. Rev. Lett. 88, 193902 (2002).

-3 -2 -1 0 1 2 3

time [fs]

FIG. 3 (color online). Estimated intensity profile of the atto-
second pulse train (dark-green curve with hatched area) and the
optical field (dark-blue curve).
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１回だけバーストが発生するようにすれば、単独パルスになる。

世界初
Paul et al., Science 292, 1689 (2001)

Only one burst Isolated attosecond pulse (IAP)

Optical cycle(2.7 fs)

High-order harmonics are generated as attosecond bursts repeated 
each half cycle of the fundamental laser (attosecond pulse train)
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単独アト秒パルス

Light emission takes place 
only once.

光の放出は１回だけ Attosecond (10-18 sec) pulse
アト秒パルス
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by a 300 mm focal length lens. The diameter of the center
spot of the focused Bessel streaking beam was 55 μm.
The delay between the XUV and NIR pulses was con-
trolled by a piezo-electric transducer (PZT). A 532 nm la-
ser beam co-propagating through both arms was used to
stabilize the Mach-Zehnder interferometer [12].
The continuous XUV spectra generated with DOGmea-

sured by the MBES without streaking are shown in Fig. 2.
By tuning the Ne pressure in the gas cell from 0.03 to
0.33 bar, the cutoff photon energy was reduced from
160 to 120 eV, which corresponds to Ip ! 2.6Up to
Ip ! 1.8Up. The calculated single-atom cutoff is 190 eV.
The spectrum with pressure below 0.03 bar was not mea-
sured due to the low count rate. The observed cutoff re-
duction with increasing generation gas pressure is
qualitatively consistent with previous experiments with
XUV pulse trains [8,9]. Finally, the pressure of 0.2 bar in
the generation cell was chosen for the streaking experi-
ment, where the entire spectrum, from 55 to 130 eV, was
confined within the low-energy part of the Zr transmis-
sion window where the filter GDD is negative.
The attosecond pulses were retrieved from the streak-

ing trace shown in Fig. 3(a) using both the PROOF
(phase retrieval by omega oscillation filtering) [13] and
FROG-CRAB (frequency-resolved optical gating for com-
plete reconstruction of attosecond bursts) [14,15] techni-
ques. Whereas the FROG-CRAB technique requires the
bandwidth of the photoelectron spectrum to be small
compared to its central energy, PROOF is applicable
to much broader spectra [13]. Here, we apply the princi-
pal component generalized projections algorithm to
PROOF [16], which is more robust than the method
developed in [13]. In the limit of low streaking intensi-
ties, Up < ωL, the streaking spectrogram is given by
S"v; τ# ≈ I0"v# ! IωL

"v; τ# ! I2ωL
"v; τ#, where IωL

and I2ωL

oscillate with the streaking laser frequency,ωL, and twice
the frequency, respectively [13], τ is the delay between
the XUV and laser pulses, and v is the photoelectron
speed. Since the spectrum and phase information of
the attosecond pulses are completely encoded in IωL

,
the amplitude and phase of the XUV pulse are guessed

in PROOF to match the modulation depth and phase
angle of IωL

.
The streaking trace was obtained at a low streaking

intensity, 2.5 × 1011 W ∕cm2, to satisfy the requirements
of PROOF. Two methods are used to confirm the correct-
ness of the phase retrieval. The first is to compare the
photoelectron spectrum obtained experimentally to the
retrieved ones. This criterion was used in the past [17],
and is a necessary condition of an accurate retrieval. An-
other criterion is the agreement between the filtered IωL

trace from the measured spectrogram and the retrieved
one. It is a much stricter requirement than the first one,
because the modulation depth and phase angle of IωL

are
determined by both the spectrum and phase, whereas the
first method compares a quantity that is dominated by
I0"v#, the unstreaked component of the spectrogram.
Our retrieval meets both criteria very well, as shown
in Figs. 3(c) and 3(b), respectively. Both the FROG-CRAB
and PROOF retrievals yield nearly identical temporal
profiles with a pulse duration of 67$ 2 as, as shown
in Fig. 3(d), close to the transform-limited value of 62 as.
The error bar was obtained following the treatment in [1],
by taking each delay slice in the final guessed spectro-
gram as a separate measurement of the pulse duration.
The experiment was repeated at a higher streaking inten-
sity (5 × 1011 W ∕cm2) and yielded the same result. With
the intrinsic and Zr phase, we calculated a pulse duration
of 68 as with the experimental spectrum, in agreement
with our retrieved result. At generation gas pressures sig-
nificantly lower than 0.2 bar, the count rate was not suf-
ficient for obtaining streaking traces with satisfactory
signal to noise ratio. Streaking was also performed at
higher pressures, which yielded longer pulses due to
the reduced spectral bandwidth. For instance, at 0.36 bar,
the retrieved pulse duration was 88 as.

Both PROOF and FROG-CRAB assume that only
photoelectrons emitted in a small angle in the streaking

Fig. 2. (Color online) XUV continuum generated by DOG in
Ne gas at six pressures. The length of the gas cell is 1 mm.
The peak intensity at the center of the polarization gate is
1 × 1015 W ∕cm2.

Fig. 3. (Color online) Characterization of a 67 as XUV pulse.
(a) Streaked photoelectron spectrogram obtained experimen-
tally. (b) Filtered IωL

trace (left) from the spectrogram in
(a) and the retrieved IωL

trace (right). (c) Photoelectron spec-
trum obtained experimentally (thick solid) and retrieved spec-
tra and spectral phases from PROOF (solid) and FROG-CRAB
(dashed). (d) Retrieved temporal profiles and phases from
PROOF (solid) and FROG-CRAB (dashed).
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Isolated attosecond pulse 
generation by a few-cycle 
laser pulse  

Light emission takes place 
only once.

Attosecond (10-18 sec) pulse
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XUV pulse duration, (ii) improved signal-to-noise
(S/N) ratio due to the increased XUV photon
flux, and (iii) stronger streaking before the onset
of the NIR field–induced ionization in attosecond
streaking (2) or enhanced S/N ratio due to a
reduced number of tunneling steps in attosecond
tunneling spectroscopy (14).

Figure 1 summarizes results of the modeling
of the single-cycle interaction of ionizing NIR
radiation with an ensemble of neon atoms (17). In
Fig. 1A, the left panels plot possible NIR elec-
tric waveforms,ELðtÞ ¼ E0aLðtÞe−iðwL tþϕÞ þ cc
(where cc stands for complex conjugate) derived
from our streaking measurements (as presented
in the next sections) for different settings of the
carrier-envelope (CE) phase, ϕ. Here, E0 is the
peak electric-field strength, aL(t) is the normal-
ized complex amplitude envelope, and wL is the
carrier frequency. The probability of ionization
outside the central cycle is more than two orders
of magnitude lower than that at the field maxi-
mum and hence is negligible.

The spectra ofXUVemissions originating from
the individual recollisions (18) are predicted to
differ by tens of electron volts in cut-off energy and
by up to orders of magnitude in intensity as a con-
sequence of the single-cycle nature of the driving
field. The strong variation of emission energies and
intensities within a single wave cycle creates ideal
conditions for isolated sub-100-as pulse genera-
tion. Indeed, filtering radiation with the bandpass
depicted by the dashed-and-dotted line is predicted
to isolate XUVradiation withmore than 90% of its
energy delivered in a single attosecond pulse for a
range of CE phases as broad as 30° ≤ϕ ≤ 90° (Fig.
1B). In contrast, with few-cycle-driven harmonic
generation resulting in isolated subfemtosecond
pulses over only a relatively narrow range of the
CE phase near ϕ ≈ 0° (3), single-cycle excitation
appears to permit robust isolated attosecond pulses
for a variety of driver waveforms, ranging from
near-cosine– to sine-shaped ones, owing to the
order-of-magnitude variation of the ionization
probability within a single wave cycle.

We used phase-controlled sub-1.5-cycle laser
pulses carried at a wavelength of lL = 2pc/wL =
720 nm (19) to generate XUV harmonics in a
neon gas jet up to photon energies of ~110 eV
(fig. S1). The emerging XUV pulse—following
a spectral filtering through a bandpass (dashed-
and-dotted line in Fig. 1A) introduced by metal
foils and a Mo/Si multilayer mirror (fig. S2)—
subsequently propagates, along with its NIR driv-
er wave, through a second jet of neon atoms in
which the XUV pulse ionizes the atoms in the
presence of the NIR field. The freed electrons
with initial momenta directed along the electric-
field vector of the linearly polarized NIR field are
collected and analyzed with time-of-flight spec-
trometry (17).

The variation of the measured photoelectron
spectra versus CE phase shows good agreement
with the predictions of our simulations (Fig. 2,
A and B). Figure 2, C to E, shows plots of
electron spectra corresponding to the CE phase
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Fig. 3. Sub-100-as XUV pulse retrieval. (A) Measured ATR spectrogram compiled from 126 energy
spectra of photoelectrons launched by an XUV pulse with a bandwidth of ~28 eV (FWHM) and recorded
at delay settings increased in steps of 80 as. Here, a positive delay corresponds to the XUV pulse
arriving before the NIR pulse. The high flux of the XUV source allows this spectrogram to be recorded
within ~30 min. (B) ATR spectrogram reconstructed after ~103 iterations of the FROG algorithm (17).
(C) Retrieved temporal intensity profile and spectral phase of the XUV pulse. The intrinsic chirp of the
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HHG is suppressed when neutral atoms are depleted

tional two-photon ionization10. When a nonlinear optical process is
observed, it becomes possible to characterize the pulses by
the intensity autocorrelation, which is the standard diagnostic
technique in the visible region14. In the autocorrelation measure-
ment, the intensity of nonlinear optical signal is recorded as a
function of the delay time between two replicas of a laser pulse. The
autocorrelation measurement is therefore the simplest type of
pump-probe experiments immediately extendable to femtosecond
and attosecond nonlinear optical spectroscopy. In comparison with
synchrotron radiation (SR), which also covers the XUV and soft
X-ray regions, high harmonic pulses have temporal coherence and
short pulse duration—that is, high peak intensity. Thus, high
harmonics are expected to open the new field of XUV nonlinear
optics.
Previous work motivated us to generate and characterize high

harmonic pulses experimentally in the expectation of generating
intense attosecond pulses (Fig. 1). We focus on the ninth harmonic
generated by the sub-10-fs blue laser pulse (photon energy 3.1 eV)
in a multi-cycle regime, in contrast with previously reported
attosecond pulse generation in a few-cycle regime from the coher-
ently superimposed broadband continuum in the cut-off region4,5.
From nonadiabatic viewpoints, in which the slowly varying envel-
ope approximation is not valid, Christov et al. simulated the 51st
high harmonic generation of a 25-fs Ti:sapphire laser15. The 51st
pulse lasts for about three optical cycles with ionization of the
interacting gas medium. A driving laser with a shorter pulse
duration and shorter wavelength is expected to generate a shorter
pulse. Together with the nonadiabatic effect, the dipole moment of
lower order induced by the blue laser is larger than that induced by a
Ti:sapphire laser7. An enhancement of the pulse energy is therefore
expected. From the adiabatic viewpoints16, a ninth-harmonic pulse
of a 3.1-eV laser pulse was simulated by using a zero-range potential
model17. The ninth-harmonic pulse driven by an 8-fs pulse evolves
steeply with the highly nonlinear response of the dipole moment in
the rising edge of a driving pulse. When the optical electric field
becomes high enough to ionize the interacting atoms18, high
harmonic generation is shut off because of the small dipole moment
of the ions. In this case, a driving laser with a shorter pulse duration
is also preferred.
With the foregoing as a basis, modifications could be made by

taking account of the spatial intensity distribution in the driving
laser beam and the propagation of harmonics. For example,
harmonic pulses would be generated at different times at different
positions, but the phase-matching effect would not preserve the
difference19. However, two-dimensional or three-dimensional
simulations of high harmonic generation indicate that the harmo-
nic pulses still retain the features of the single atom in the cut-off

region8,15. The autocorrelationmeasurement will make it possible to
investigate these effects experimentally.

Blue laser pulses lasting 8.3 fs and 12 fs were generated by the
frequency conversion of a Ti:sapphire laser (photon energy 1.55 eV)
as driving laser pulses20,21. Figure 2 shows the experimental setup for
the autocorrelation measurement. Two optically delayed replicas of
a blue laser pulse were focused into an argon gas jet to generate the
ninth high harmonic. The gas jet operating at 1 kHz was placed
4mm after the focus and there was no spatial overlap between two
beams at high harmonic generation, where the peak intensity was
3.9 £ 1014W cm22. The fundamental and lower-order harmonics
were eliminated by an aluminium filter. The ninth-harmonic pulses
were focused into helium gas by an Sc/Si multilayer spherical mirror
with a focal length of 5 cm. The total pulse energy on the target was
2 nJ. The ejected photoelectrons were collected and energy-resolved
by a magnetic bottle photoelectron spectrometer, ensuring a high
collection efficiency of 50%. Figure 2b is the photoelectron spec-
trum of two-photon ATI. The observed highest photoelectrons
ejected by a one-photon process were from the 11th harmonic
absorption of Ar atoms and the peak by two-photon ATI was well
separated from the other peaks, ensuring the assignment and the
two-photon process. An autocorrelation trace was recorded by
measuring the electron number at each optical delay.

The autocorrelation traces obtained by using 8.3-fs and 12-fs laser
pulses are shown in Fig. 3a and Fig. 3b, respectively. Two electric
fields superimpose coherently at a delay time of 0 fs, leading to the
enhancement of two-photon ATI. The ratio of the peak to the

Figure 1 High harmonic pulse generation in the adiabatic picture. The red line is the ninth
harmonic pulse of the 8-fs driving pulse with a peak intensity of 5.5 £ 1014W cm22

(dashed line). The blue line is the density of the neutral Ar atoms radiating high harmonics

calculated by using a tunnelling ionization theory18. The generation of high harmonics

ceases with the ionization of neutral atoms.

Figure 2 Two-photon above-threshold-ionization (ATI) autocorrelator. a, Experimental
setup for the autocorrelation measurement of the ninth harmonic (9q) of the blue laser. To

improve the spectral resolution of the photoelectron spectrometer, an electrostatic field

was applied to the time-of-flight (TOF) tube and the photoelectrons were decelerated

inside the tube. b, The photoelectron spectrum. c, Diagram of the two-photon ATI

process. The area in red in b indicates the photoelectrons ejected from He atoms by the

process shown in c.
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density of neutral Ar atoms fundamental field 
envelope (400 nm)

9th harmonic (of 400 nm) = 27.9 eV

backgroundwas almost 3:1, in good agreement with the ideal case of
the autocorrelation measurement, indicating that the peak is not
the coherent spike. To estimate the pulse durations of the ninth
harmonics, the autocorrelation traces were fitted to gaussian
functions; the results are shown by the red lines in Figs 3a and 3b.
The corresponding full widths at half maximum of the autocorrela-
tion traces were 1.3 ^ 0.1 and 1.8 ^ 0.1 fs, resulting in pulse
durations of 950 ^ 90 as and 1.3 ^ 0.1 fs, respectively.

In the 950-as pulse, however, bumps appeared around the main
peak and the gaussian function does not seem to be appropriate to
describe the pulse shape. To check the validity of the experimental
results, the spectra of the ninth harmonic (Fig. 3c) were Fourier-
transformed with an assumption of a flat phase in the frequency
domain, and the autocorrelation functions were then calculated.
The results are shown by the blue lines in Fig 3a, b. Both the
autocorrelation trace of the 1.3-fs pulse and that of 8.3-fs pulse are
reproduced well. The bumps are therefore attributable to the
spectrum shape. Consequently, no other pulses were observed
within the scanned time range of 20 fs, showing the isolated single

pulses. This is an advantage of the autocorrelation measurement
over electron streaking, in which the measurable time range is
limited by one-half of the optical cycle22. In future this method will
be extended to frequency-resolved optical gating (FROG)23 by
improving the spectral resolution to characterize the harmonic
pulses completely.
The spectra of the ninth harmonic reflect the spectra of the

Ti:sapphire and blue lasers. To increase the spectrumwidth, the gain
around 800 nmwas reduced by inserting an etalon in a regenerative
amplifier of the Ti:sapphire laser system, resulting in a spectrum
with two peaks24. This type of spectrum gives a relatively short pulse
duration, although side bumps appear. Two peaks in the harmonic
spectra are made prominent by the nonlinear process.
For further pulse shortening to the attosecond timescale with the

use of a multi-cycle driving laser, one experimental approach is to
generate higher-order harmonics; the lower-order harmonics rise
earlier than the higher-order harmonics, resulting in a longer pulse
duration. Higher-order harmonics would therefore be adequate for
attosecond pulse generation, and a driving laser with shorter pulse
duration is also required. However, it would be difficult to shorten
the temporal duration below the half cycle of the driving laser
(650 as). The feature of this scheme is a peak intensity high enough
to induce nonlinear phenomena.
Finally, we estimate the photoelectron numbers created by the

two-photon ATI. The photoelectron yield Y from the interaction
volume V ( ¼ 3.1 £ 1029 cm3) with an atomic density n
( ¼ 1011 cm23) is given by Y ¼ j (2)F2t n V, where j (2) is the
cross-section of two-photon ATI, F is the photon flux, and t is
the pulse duration. In the present experimental conditions, F and t
were 7.8 £ 1030 photons s21 cm22 and 1 fs, respectively, and j (2)

was set to 10252 cm2 from ref. 10. Consequently, Y is estimated to be
1.6 £ 1023 electrons per pulse. The observed yield was 1.0 £ 1023

electrons per pulse, taking account of the collection and quantum
efficiencies, which is consistent with the estimation. A

Methods
Driving laser
Blue laser pulses were generated by broadband frequency doubling of the Ti:sapphire laser
pulses to obtain shorter pulses than originally generated21. To broaden the bandwidth of
the laser pulse, broadband frequency conversion was realized by spatial dispersion of each
spectrum component of the Ti:sapphire laser pulse so that it was phase-matched20. The
pulse energies of the blue laser pulses were 1.3mJ at a repetition rate of 1 kHz. The pulse
durations were controlled by changing the spectral bandwidth of the Ti:sapphire laser
system. The optical system for spectrum dispersion was modified to employ a telescope
configuration for a large beam diameter of 2 cm. If this was not done, spatial pulse-front
tilt and phase mismatch were so large that high harmonics were not generated. Spatial
coherence of the driving laser is also important for generating two identical harmonic
pulses. The pulses were characterized by self-diffraction frequency-resolved optical gating
and were found to be Fourier-transform limited.

Autocorrelation measurement
In the present experiment, two harmonic pulses were generated from two beams
produced by spatially dividing a blue laser beam into two. This is different from
conventional autocorrelation measurements in the visible range, in which a beam
splitter is used. However, the original driving laser beam had high spatial
coherence, ensured by interfering the inverted image with the original one, so the
two harmonic pulses naturally retained coherence. There still remained the
possibility of generating different pulses because of inequality in beam division.
However, because the energy difference was less than a few per cent, the harmonic
pulses generated were almost identical.

Anothermethod of producing two identical harmonic pulses has been shown6, involving
the division of a harmonic beam spatially into two by a split XUV mirror after harmonic
generation. However, in this case too the two pulses are not always identical. Because of the
intensity distributionwithin a driving laser beam, harmonic pulses are generated at different
times. So, unequal spatial division of the harmonic beam leads to the production of two
different harmonic pulses even when a split XUV mirror is used.

Received 4 June; accepted 11 October 2004; doi:10.1038/nature03108.

1. McPherson, A. et al. Studies of multiphoton production of vacuum-ultraviolet radiation in the rare

gases. J. Opt. Soc. Am. B 4, 595–601 (1987).

2. Corkum, P. B. Plasma perspective on strong-field multiphoton ionization. Phys. Rev. Lett. 71,

1994–1997 (1993).

3. Paul, P. M. et al. Observation of a train of attosecond pulses from high harmonic generation. Science

292, 1689–1692 (2001).

Figure 3 Autocorrelation traces and the spectra of the ninth harmonic of the blue laser.
a, b, Autocorrelation traces of the ninth harmonic pulses generated by using 8.3-fs (a)
and 12-fs (b) blue lasers. The error bars show the standard deviation of each data point.

The full widths at half maximum of the autocorrelation traces obtained by the least-

squared fit to the gaussian functions were 1.3 ^ 0.1 and 1.8 ^ 0.1 fs, resulting in pulse

durations of 950 ^ 90 as and 1.3 ^ 0.1 fs, respectively. The lines in red show the fitting

results. The lines in blue are the calculated autocorrelation traces from the spectra (c) of
the ninth harmonic. c, The spectra of the ninth harmonic pulses generated by using 12-fs
and 8.3-fs pulses are shown by the blue and red lines, respectively.
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Isolated sub-fs pulse generation from a ~10 fs pulse
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plasma cannot be eliminated, even by using very short driving laser 
pulses. As higher harmonics are generated at higher levels of ioniza-
tion, the phase-matching cut-off is always less than the single-atom 
cut-off given by equation (1), and is <150 eV even for helium driven 
by Ti:Sapphire lasers35. For harmonics generated at ionization lev-
els of >ηcr, the finite phase mismatch due to uncompensated plasma 

dispersion reduces the coherent build-up length to the microme-
tre range, which reduces the yield by several orders of magnitude. 
Overcoming this phase-matching limit to generate bright harmon-
ics in the soft- and hard-X-ray regions (required for many appli-
cations in spectroscopy and imaging) has therefore been a grand 
challenge in extreme nonlinear optics.
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of the cell, the energies of the fundamental and second
harmonic pulses were 150 and 30 !J, respectively. The
estimated effective intensities inside the gate were 2:8!
1014 W=cm2 and 7! 1013 W=cm2, respectively. The gen-
erated harmonics were measured with a grating
spectrometer.

The laser field can be expressed as the combination of
two perpendicularly polarized fields ~E"t# $ Edrive"t#î%
Egate"t#ĵ. The driving field is

 

Edrive"t# $ E0&"e'2 ln2&"t%Td=2#2="2
!(

% e'2 ln2&"t'Td=2#2="2
!(# cos"!0t% ’CE#

% ae'2 ln2"t2="2
2!# cos"2!0t% 2’CE %#!;2!#(

(1)

and the gating field is

 Egate"t#$E0"e'2ln2&"t%Td=2'T0=4#2="2
!(

'e'2ln2&"t'Td=2'T0=4#2="2
!(#sin"!0t%’CE#; (2)

where E0 is the amplitude of the circularly polarized
fundamental laser field with carrier frequency !0 (period
T0), pulse duration "!, and CE phase ’CE. Td is the time
delay between the two circular pulses. The delay, T0=4,
between the gating and the driving fields is introduced by
the quarter-wave plate. #!;2! is the relative phase between
the fundamental and second harmonic pulses. The duration
of the SH pulse is "2!. Finally, a represents the strength of
the second harmonic field relative to the fundamental field.

Figure 2(a) shows harmonic spectra of argon for one-
color (linearly polarized fundamental field only, Td $ 0,
a $ 0), two-color (a second harmonic field added to a
fundamental field polarized in the same direction, Td $
0), conventional PG (a $ 0), and DOG fields. Notice that

FIG. 2 (color). Comparison of harmonic spectra and pulses.
(a) The harmonic spectrum images obtained by various gating
methods. The lineout plots in (b) compare the spectral profile
and intensity obtained from DOG (blue line) with those from PG
for delays of 12 fs (red line) and 15 fs (green line). The results
from numerical simulations are shown in (c). (d) Shows the
Fourier transform for the DOG and (e) shows the Fourier trans-
forms for the PG and two-color spectra. These were done
assuming flat phase.

FIG. 1 (color). The driving filed components for PG corre-
spond to (a) without and (b) with the second harmonic field,
respectively. The driving field is shown as the red line. The two
vertical lines represent the gate width. Here, the filled curves are
the attosecond pulses emitted when the driving fields alone are
applied. The background color shows the strength of the PG. In
figure (c) the ionization probability of an argon atom in the field
of PG pulses is compared with that in the field of DOG. The
longest pulses that can be used are those at which the probability
reaches one.

PRL 100, 103906 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
14 MARCH 2008
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with second-
harmonic field

Mashiko et al., PRL 2008, 103906 (2008)

IAP generation from 
a ~10 fs pulse

by a 300 mm focal length lens. The diameter of the center
spot of the focused Bessel streaking beam was 55 μm.
The delay between the XUV and NIR pulses was con-
trolled by a piezo-electric transducer (PZT). A 532 nm la-
ser beam co-propagating through both arms was used to
stabilize the Mach-Zehnder interferometer [12].
The continuous XUV spectra generated with DOGmea-

sured by the MBES without streaking are shown in Fig. 2.
By tuning the Ne pressure in the gas cell from 0.03 to
0.33 bar, the cutoff photon energy was reduced from
160 to 120 eV, which corresponds to Ip ! 2.6Up to
Ip ! 1.8Up. The calculated single-atom cutoff is 190 eV.
The spectrum with pressure below 0.03 bar was not mea-
sured due to the low count rate. The observed cutoff re-
duction with increasing generation gas pressure is
qualitatively consistent with previous experiments with
XUV pulse trains [8,9]. Finally, the pressure of 0.2 bar in
the generation cell was chosen for the streaking experi-
ment, where the entire spectrum, from 55 to 130 eV, was
confined within the low-energy part of the Zr transmis-
sion window where the filter GDD is negative.
The attosecond pulses were retrieved from the streak-

ing trace shown in Fig. 3(a) using both the PROOF
(phase retrieval by omega oscillation filtering) [13] and
FROG-CRAB (frequency-resolved optical gating for com-
plete reconstruction of attosecond bursts) [14,15] techni-
ques. Whereas the FROG-CRAB technique requires the
bandwidth of the photoelectron spectrum to be small
compared to its central energy, PROOF is applicable
to much broader spectra [13]. Here, we apply the princi-
pal component generalized projections algorithm to
PROOF [16], which is more robust than the method
developed in [13]. In the limit of low streaking intensi-
ties, Up < ωL, the streaking spectrogram is given by
S"v; τ# ≈ I0"v# ! IωL

"v; τ# ! I2ωL
"v; τ#, where IωL

and I2ωL

oscillate with the streaking laser frequency,ωL, and twice
the frequency, respectively [13], τ is the delay between
the XUV and laser pulses, and v is the photoelectron
speed. Since the spectrum and phase information of
the attosecond pulses are completely encoded in IωL

,
the amplitude and phase of the XUV pulse are guessed

in PROOF to match the modulation depth and phase
angle of IωL

.
The streaking trace was obtained at a low streaking

intensity, 2.5 × 1011 W ∕cm2, to satisfy the requirements
of PROOF. Two methods are used to confirm the correct-
ness of the phase retrieval. The first is to compare the
photoelectron spectrum obtained experimentally to the
retrieved ones. This criterion was used in the past [17],
and is a necessary condition of an accurate retrieval. An-
other criterion is the agreement between the filtered IωL

trace from the measured spectrogram and the retrieved
one. It is a much stricter requirement than the first one,
because the modulation depth and phase angle of IωL

are
determined by both the spectrum and phase, whereas the
first method compares a quantity that is dominated by
I0"v#, the unstreaked component of the spectrogram.
Our retrieval meets both criteria very well, as shown
in Figs. 3(c) and 3(b), respectively. Both the FROG-CRAB
and PROOF retrievals yield nearly identical temporal
profiles with a pulse duration of 67$ 2 as, as shown
in Fig. 3(d), close to the transform-limited value of 62 as.
The error bar was obtained following the treatment in [1],
by taking each delay slice in the final guessed spectro-
gram as a separate measurement of the pulse duration.
The experiment was repeated at a higher streaking inten-
sity (5 × 1011 W ∕cm2) and yielded the same result. With
the intrinsic and Zr phase, we calculated a pulse duration
of 68 as with the experimental spectrum, in agreement
with our retrieved result. At generation gas pressures sig-
nificantly lower than 0.2 bar, the count rate was not suf-
ficient for obtaining streaking traces with satisfactory
signal to noise ratio. Streaking was also performed at
higher pressures, which yielded longer pulses due to
the reduced spectral bandwidth. For instance, at 0.36 bar,
the retrieved pulse duration was 88 as.

Both PROOF and FROG-CRAB assume that only
photoelectrons emitted in a small angle in the streaking

Fig. 2. (Color online) XUV continuum generated by DOG in
Ne gas at six pressures. The length of the gas cell is 1 mm.
The peak intensity at the center of the polarization gate is
1 × 1015 W ∕cm2.

Fig. 3. (Color online) Characterization of a 67 as XUV pulse.
(a) Streaked photoelectron spectrogram obtained experimen-
tally. (b) Filtered IωL

trace (left) from the spectrogram in
(a) and the retrieved IωL

trace (right). (c) Photoelectron spec-
trum obtained experimentally (thick solid) and retrieved spec-
tra and spectral phases from PROOF (solid) and FROG-CRAB
(dashed). (d) Retrieved temporal profiles and phases from
PROOF (solid) and FROG-CRAB (dashed).
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IAP generation from a 
> 20 fs pulse without 
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envelope stabilization
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plasma cannot be eliminated, even by using very short driving laser 
pulses. As higher harmonics are generated at higher levels of ioniza-
tion, the phase-matching cut-off is always less than the single-atom 
cut-off given by equation (1), and is <150 eV even for helium driven 
by Ti:Sapphire lasers35. For harmonics generated at ionization lev-
els of >ηcr, the finite phase mismatch due to uncompensated plasma 

dispersion reduces the coherent build-up length to the microme-
tre range, which reduces the yield by several orders of magnitude. 
Overcoming this phase-matching limit to generate bright harmon-
ics in the soft- and hard-X-ray regions (required for many appli-
cations in spectroscopy and imaging) has therefore been a grand 
challenge in extreme nonlinear optics.
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Figure 6 | Attosecond pulse generation. a, Isolated attosecond pulse generation driven by a few-cycle laser field. The cut-off photon energy varies 
significantly on a cycle-by-cycle basis, so that simple spectral filtering can isolate HHG emission from a single electron recollision at the peak of the 
laser field95. This approach has yielded isolated extreme-ultraviolet (EUV) pulses as short as 80 as (ref. 96). b, Isolated 130 as EUV pulse generation 
using polarization gating97,98. HHG emission is suppressed except during the most intense central cycle of the field, where the laser polarization 
is linear. c, If a second laser field of a different colour is added to this polarization gating method, even shorter EUV pulses can be generated99. d, 
Isolated attosecond pulse generation using gated phase-matching confined to a narrow temporal window near the critical ionization level. This 
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Infrared Two-ColorMulticycle Laser Field Synthesis for Generating an Intense Attosecond Pulse
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We propose and demonstrate the generation of a continuum high-order harmonic spectrum by mixing

multicycle two-color (TC) laser fields with the aim of obtaining an intense isolated attosecond pulse. By

optimizing the wavelength of a supplementary infrared pulse in a TC field, a continuum harmonic

spectrum was created around the cutoff region without carrier-envelope phase stabilization. The obtained

harmonic spectra clearly show the possibility of generating isolated attosecond pulses from a multicycle

TC laser field, which is generated by an 800 nm, 30 fs pulse mixed with a 1300 nm, 40 fs pulse. Our

proposed method enables us not only to relax the requirements for the pump pulse duration but also to

reduce ionization of the harmonic medium. This concept opens the door to create an intense isolated

attosecond pulse using a conventional femtosecond laser system.

DOI: 10.1103/PhysRevLett.104.233901 PACS numbers: 42.65.Ky, 32.80.Rm, 42.65.Re

To achieve a breakthrough in attosecond science [1] for
nonlinear optics and other applications, one of the most
important issues is the development of high-power atto-
second pulse sources. The progress of high-order harmonic
generation (HHG) techniques has resulted in the creation
of isolated attosecond pulses (IAPs) [2–6] and attosecond
pulse trains (APTs) [7,8]. High-power APTs have been
successfully generated as a result of research on harmonic
energy scaling using a loosely focusing geometry [9].
Meanwhile, various methods have been proposed for cre-
ating an IAP, such as the use of a few-cycle infrared (IR)
pulse as a driving laser [2–4], polarization gating [6],
double optical gating (DOG) [10], and so forth [5,11–
14]. Although the shortest pulse duration of IAPs attained
is 80 as [15], the output energy is still not sufficient to
induce nonlinear phenomena because the pump pulse en-
ergy is typically limited to a few mJ owing to the require-
ments of sophisticated laser technology such as a few-cycle
pulse duration and carrier-envelope phase (CEP; !CE)
stabilization. The scalability of pump laser energy is of
paramount importance for the development of intense IAP
sources. It is, however, still difficult to apply high-power
conventional femtosecond laser technology to increase the
power of IAPs.

In this Letter, we present the generation of a continuum
high-order harmonic spectrum by mixing multicycle two-
color (TC) laser fields with the aim of easily obtaining an
intense IAP. We utilize a TC IR driver source to greatly
reduce the requirements for the pump laser system used for
generating an IAP. A similar theoretical proposal has been
reported by other groups [16,17]; essentially, they assumed
that a CEP-stabilized pulse is used for the driving field. As
mentioned above, the requirement of CEP stabilization is
one of the factors hindering the generation of an intense
IAP by a TW-class high-power laser system. To meet this
requirement for laser technology, we optimize and demon-
strate, for the first time, the creation of an IAP with non-

CEP-stabilized multicycle laser pulses. By adjusting the
wavelength of the supplementary IR pulse, we suppress the
multiple pulse burst and successfully generate an IAP.
The synthesized TC electric field (Emix) is expressed

as EmixðtÞ ¼ E0 exp½%2 ln2ð t"0Þ
2& cosð!0tþ!CEÞ þ

E1 exp½%2 ln2ðtþ!t
"1

Þ2& cosðK!0tþ!CE þ!1Þ, where K

and !t are the frequency ratio and the delay time between
the main field (!0) and the supplementary IR field (!1 ¼
K!0, K < 1), the subscripts 0 and 1 denote the two laser
field components, E0;1 is the electric field amplitude, and
"0;1 and !1 denote the pulse duration and constant phase
offset, respectively. When the TC field is generated by an
800 nm, 30 fs pulse and a 1300 nm, 40 fs pulse, the field
amplitude (E2

mix) of the near neighbors on both sides of the
central peak is markedly suppressed [see Fig. 1(a)]. Here,
the intensity ratio (# ¼ E2

1=E
2
0) and the phases (!CE, !1)

are fixed at 0.15 and 0 rad, respectively. The intensity ratio
between the central peak and the highest side peak is 0.8,
which is almost the same as that of a 5 fs pulse at 800 nm
(red line). Note that the second most intense peak appears
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FIG. 1 (color). (a) Field amplitude (E2
mix) of an 800 nm, 5 fs

pulse (red line) and a TC field (green line). The TC field is
generated by an 800 nm, 30 fs pulse mixed with a 1300 nm, 40 fs
pulse. The intensity ratio (#) and the phases (!CE, !1) are fixed
at 0.15 and 0 rad, respectively. (b) ADK ionization probability of
an argon atom calculated for the DOG (blue line), OC (red line),
and TC (green line) methods as a function of the pulse duration
of the main field.
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As we successfully obtained the AC trace of the TC-HH in the
mid-plateau, we furthermore explored the temporal characteriza-
tion for the HH cutoff. In this experiment, we switched the
focusing mirror from the SiC mirror to the Sc/Si multilayer
mirror. The signal is scanned every 148 as from ! 8.5 to 8.5 fs
with 1" 103 laser shot accumulation at each delay point. The
resultant signal points versus delay are shown in the top panel in
Fig. 3. Three distinct signal points around 0 delay seem to be a
correlation peak and there are no noticeable side peaks in this
figure, although our simulation result (see Discussion section)
exhibits side peaks at ±6.7 fs with B0.2 relative AC amplitude
compared with the maximum peak at 0 delay. To confirm that the
signal around 0 delay is certainly the correlation signal and that
there are no significant side peaks at ±6.7 fs, we performed a
high-resolution AC measurement in the delay scanning ranges
around 0 fs and ±6.7 fs, as shown in the bottom panels in Fig. 3.
We accumulated 1" 103 laser shots at each delay point and set the
scanning delay step Dt to be 28 as. We can demonstrate a clear
peak at 0 delay as an AC in the middle-bottom panel in Fig. 3. The
AC duration was evaluated to be tAC¼ (700±90) as by fitting the
experimental trace to a Gaussian function; hence, the pulse
duration is estimated to be tHHB500 as. We also find that there
are no noticeable side peaks in the measured AC traces in the left-
bottom and right-bottom panels in Fig. 3. This is owing to the fact
that the background noise amplitude (see Methods section) is
comparable to the amplitude of the side peaks expected from our
simulation. The noise magnitude against the peak AC amplitude is
estimated to be B0.24; thus, we cannot clearly find side peaks
with amplitudes o0.24. In other words, we can safely conclude
that the side-peak ratio should be o0.24. As discussed below, we
can find both pre- and post-pulse in the calculated temporal pro-
file at any CEP and relative phase. By assuming that the HH pulse
consists of three (pre-, main and post-) pulses and the upper limit
of the side peaks in the AC trace should be 0.24, we can estimate
the possible largest peak height ratio of the pre- and post-pulses to
be B0.14. Further detailed analysis of the pre-/post-pulse issue is
presented in the next section with the help of our numerical model
of the TC-HH and statistical analysis of the relative phase.

From the measured pulse energy and pulse duration, the peak
power of the IAP nonlinearly interacting with the target medium

is evaluated to be 2.6 GW with weak satellite pulses (see
Discussion section). This ultrahigh power from our tabletop
light source even surpasses that from a compact XUV FEL16,17.
The peak brightness is also estimated to be B2" 1030 photons
per s! 1 mm! 2 mrad! 2, assuming a 60-mm beam diameter at
the exit of the gas cell.

Discussion
Finally, we examine attosecond pulse generation in our TC-HH
scheme by numerical simulations. In these simulations, the
single-atom response is calculated within the strong-field
approximation. The propagation of the TC laser pulse and the
high harmonics are computed separately in cylindrical coordi-
nates14,18. All the parameters, such as laser intensity, target gas
pressure and medium length, are determined by the experimental
conditions. Here we assume that the CEP fCE fluctuates
randomly during the AC measurement, whereas the statistical
fluctuations of the relative phase f0 are characterized by the
measured histogram of the relative phase in the TC inter-
ferometer. To evaluate the relative phase variation with time in
the TC interferometer, we injected a continuous-wave (CW) laser
beam with a wavelength of 547 nm into the TC interferometer in
this measurement. We recorded spatial interference fringes on the
superposed beam profile of the CW laser with a charge-coupled
device camera (exposure time: B10 ms with 10 Hz repetition rate,
which is synchronized with the pump laser) during B35 min,
which is equivalent to the data acquisition time of one AC trace in
our measurements. The phase of the spatial fringes at each
recorded profile was converted to the relative delay and relative
phase corresponding to the 1,300-nm field. The measured time
evolution of the relative phase, f0, is shown in Fig. 4a. We can
then evaluate the s.d. of f0 fluctuations, s, to be 0.23p from this
measurement, whereas the offset of f0 is arbitrary. We adjust the
offset in Fig. 4a such that the average of f0 is equal to 0. To
improve the S/N ratio of the AC trace, we overlapped ten AC
traces in Figs 2 and 3. The s-value with a typical normal
distribution of the ten AC traces’ f0 fluctuations was almost the
same during the experiment, even though the phase profile as a
function of time was different.
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Figure 3 | Measured AC traces of an IAP obtained from the side peak of Nþ ion signals. The time resolutions of the top and bottom panels correspond
to 148 and 28 as, respectively. The error bars show the s.d. of each data point. The grey solid profiles are AC traces obtained using the simulated HH fields.
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High-energy (1.3 micro J), high-power (2.6 GW) IAP
more than 100 times more energetic than previously reported
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Quest for higher photon energy 
(shorter wavelength)
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Ec = Ip + 3.17Upcutoff

Up(eV) =
e2E2

0

4m�2
= 9.3� 10�14I(W/cm2)�2(µm)

Longer fundamental wavelength is advantageous

Optical parametric chirped-pulse amplification 
(OPCPA)
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WATER-WINDOW HHG
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spectral range between the K-absorption edges of C (284 eV) and O (543 eV)

absorbed by biological samples but not by water

attractive for high-contrast biological imaging

Figure 2 shows the measured Ne HH spectra driven by a
1:55 !m laser pulse at a focusing intensity of 3:5!
1014 W=cm2, at which the ionization rate was estimated
to be approximately 0.35% from the Ammosov-Delone-
Krainov ionization theory [27]. The pump energy was set
at 2.2 mJ. Note that the vertical axis of HH intensity is
plotted with a linear scale. The measured harmonic spec-
trum gradually increases up to 250 eV, which is in strong
contrast to the previously reported HH spectra in the water
window region [1,2,11–14,28]. To evaluate the intensity
distribution of the lower harmonics, we changed the spec-
trometer’s grating from 2400 to 1200 grooves=mm. The
HH intensity (dotted blue profile in Fig. 2) with the
1200 grooves=mm grating exhibits a broad plateau up to
150 eV. In contrast, the HH intensity rapidly increases
above 150 eV, which agrees with the spectrum obtained
from the grating with 2400 grooves=mm, then it starts to
decrease at 170 eV because of the low diffraction effi-
ciency of the 1200 grooves=mm grating above 170 eV.
The HH yield is optimized by adjusting the focusing point
and by varying the backing pressure of the gas jet. The HH
yield gradually increases as the gas pressure increases,
which shows a quadratic dependence of the harmonic yield
as a function of gas backing pressure. The HH intensity
above the carbonK edge (284 eV) is found to be maximum
at a backing pressure of approximately 20 atm with a
Gaussian-like spatial profile. By using the configuration
parameter of supersonic gas get [29], the effective gas
pressure at the interaction region is estimated to be ap-
proximately 580 Torr. At the 250 eV photon energy, Gouy
phase and gas dispersion are evaluated to be 360 cm"1

from the spot size of pump pulse and 615 cm"1 from
backing pressure, respectively. Also, plasma dispersion is

calculated to be 980 cm"1 at the 0.35% ionization. To
compensate the total phase mismatch, the pump pulse is
focused after the gas jet, at which the Gouy phase has a
minus sign. The coherence length and absorption length
are estimated to be approximately 0.6 and 0.085 cm at the
250 eV HH, respectively. Therefore, our condition almost
satisfies the optimized phase-matching condition. The
solid red curve in Fig. 2 shows the evolution of ð1=f2Þ2
as a function of HH photon energy. As expected, the HH
intensity increases with increasing ð1=f2Þ2 up to 250 eV.
Above 250 eV, the HH intensity decreases because the
cutoff energy of 270 eV set by the interaction laser inten-
sity prevents further extension of the plateau region. Thus,
the HH intensity reaches a maximum at 250 eV. The
measured HH spectrum is in sharp contrast to the conven-
tional plateau of HH and clearly shows that the ALC is
achieved by phase matching. The generation of the water
window wavelength HH from the neutral Ne medium has
been clearly demonstrated. The inset of Fig. 2 shows the
measured far-field spatial profile of the water window x ray
(290–310 eV). We directly obtained the spatial profile of
the water window HH beam using a two-dimensional
detector. The beam divergence was measured and had a
7 mrad full width at half maximumwith a Gaussian profile.
This good beam quality also indicates that the phase
matching is substantially satisfied along the propagation
axis of the pump pulse. Moreover, this 2D image ensures
that our coherent water window source will be useful for
acquiring 2D diffraction images.
We further explored the generation of HH under a

neutral-medium condition by changing the nonlinear me-
dium from Ne to He with the aim of obtaining a higher
photon energy. Figure 3 shows the measured He HH spec-
tra driven by a 1:55 !m pulse with a focusing intensity of
5:5! 1014 W=cm2, which is obtained with a
2400 grooves=mm grating. The pump energy, beam di-
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FIG. 3 (color). Measured harmonic spectra from neutral He.
These spectra (left axis) are obtained with a 2400 grooves=mm
grating. The red line and the blue line, respectively, correspond
to the spectra with and without a 1-!m-thick Mylar filter
(C10H8O4). Both HH spectra are normalized to the peak inten-
sity. The inset depicts a 2D HH spectrum image with a
1-!m-thick Mylar filter on a microchannel plate. This image
is obtained by the accumulation of 1000 shots.
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FIG. 2 (color). Measured harmonic spectra from neutral Ne
and evolution of the square of the reciprocal of imaginary
component f2. The solid blue line and the dashed blue line
(left axis) correspond to the Ne spectrum obtained with a
2400 grooves=mm grating and a 1200 grooves=mm grating,
respectively. Both HH spectra are normalized to the peak inten-
sity. The inset shows the far-field spatial profile of the water
window x ray (280–310 eV) obtained from neutral Ne gas. Since
a toroidal mirror is not set in front of the spectrometer, we can
directly observe the spatial profile of the HH beam (see inset of
Fig. 3).
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week ending
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253901-3

He�0 = 1.55µm

I = 5.5⇥ 1014 W/cm2

Takahashi et al., PRL 101, 253901 (2008)
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keV HHG

43

Even up to 1.6 keV, > 5000 orders
almost x-ray!

a new type of laser-based radiation source
Popmintchev et al., Science 336, 1287 (2012)

�0 = 3.9µm
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ATTOSECOND SCIENCE
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real-time observation and time-domain control of 
atomic-scale electron dynamics

atomic unit of time = 24 attoseconds
Electron

Nucleus mω2r =
1

4πϵ0

e2

r2

Orbital period of the Bohr electron

T =
2⇡

!
= 2⇡

r
4⇡✏0mr3

e2
= 152 as = 2⇡ a.u.


