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1.   Two	electron	systems	
2.   Second	quan6za6on	
3.   Mul6configura6on	6me-dependent		
					Hartree-Fock	method	
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Ac#on	integral	

Time-dependent	varia#onal	principle	

S =

Z t2

t1

h |(Ĥ � i@t)| i

�S = 0, for  !  

0
=  + � 

� (t1) = � (t2) = 0

Arbitrary � =) TDSE
Approximate � =) Variational EOMs
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| (t)i =
X

n

Cn(t)|ni,

Ac#on	integral	

Example	1:	Time-dependent	Configura#on	Interac#on	

S =

Z t2

t1
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Ac#on	integral	

Example	1:	Time-dependent	Configura#on	Interac#on	

S =

Z t2

t1

h |(Ĥ � i@t)| i

Configura#on	Interac#on	(CI)	coefficients:	Varia#onal	parameters	
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Example	2:	Time-dependent	Hartree-Fock	
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φ3

φ4

φ5

φM

Virtual	

Occupied	

| (t)i = |1112 · · · 1N000 · ··i $ det [�1�2 · · · �N ]
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Example	2:	Time-dependent	Hartree-Fock	

Orbital	func#ons:	Varia#onal	parameters	

| (t)i = |1112 · · · 1N000 · ··i $ det [�1�2 · · · �N ]

From		
Homework		
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Mul#configura#on	TD	Hartree-Fock	(MCTDHF)	
| (t)i =

X

n

Cn(t)|ni,

TD	Configura#on	Interac#on	(CI)	with	
	given	number	of	moving	orbitals	
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Both	CI	coefficients	&	orbital	func#ons:	Varia#onal	parameters	

Mul#configura#on	TD	Hartree-Fock	(MCTDHF)	
| (t)i =

X

n

Cn(t)|ni,

Working	with	Slater	determinant	is,	in	general,	extremely	tedious:	
Need	techniques	of	second	quan#za#on	

(1)	Matrix	(operator)	exponen#al	

exp(A) ⌘
1X

n=0

An

n!

exp(A)

†
= exp(A†

),

exp(A+B) = exp(A) exp(B) ( [A,B] = 0

Baker-Campbell-Hausdorff	(BCH)	expansion	

exp(A)B exp(�A) = B + [A,B] +

1

2!

[A, [A,B]] +

1

3!

[A, [A, [A,B]]] + · · ·

B�1
exp(A)B = exp(B�1AB)
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Mul#configura#on	TD	Hartree-Fock	(MCTDHF)	
(2)	Exponen#al	parameteriza#on	of	unitary	matrix	(operator)	

U = exp(X)

(3)	Unitary	transforma#on	of	orbitals	

U : unitary U †U = UU† = 1
X : anti-Hermitian X† = �X

An#-Hermi#an	matrix	can	be	parameterized	more	easily	than	unitary	one	

�µ(t) =
X

⌫

�⌫(0)U⌫µ =

X
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�⌫(0) exp(X)⌫µ,

() a†µ(t) =
X
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X

⌫

a†⌫(0) exp(X)⌫µ

aµ(t) =
X

⌫

a⌫(0)U
⇤
⌫µ =

X

⌫

a†⌫(0) exp(X)

⇤
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Mul#configura#on	TD	Hartree-Fock	(MCTDHF)	

Proof:	From	BCH	expansion	

(3)	Unitary	transforma#on	of	orbitals	
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Êµ⌫(0)



7/12  No. 12

Advanced Laser and Photon Science (Takeshi SATO) for internal use only (Univ. of Tokyo) 

Mul#configura#on	TD	Hartree-Fock	(MCTDHF)	
(4)	Unitary	transforma#on	of	Slater	determinants	

�µ(t) =
X
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1 (0)a†n2

2 (0)a†n3
3 (0) · · · |i
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1 (t)a†n2

2 (t)a†n3
3 (t) · · · |i

= exp(

ˆX)|n(0)i
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Mul#configura#on	TD	Hartree-Fock	(MCTDHF)	
(5)	Unitary	transforma#on	of	total	wave	func#on	

(6)	Varia#on	and	Time	deriva#ve	of	total	wave	func#on	
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n
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= exp(

ˆX)

X

n

Cn(t)|n(0)i

Ẋµ
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7/12  No. 14

Advanced Laser and Photon Science (Takeshi SATO) for internal use only (Univ. of Tokyo) 

Both	CI	coefficients	&	orbital	func#ons:	Varia#onal	parameters	
Insert	previous	results	into	TDVP	and	require	

Mul#configura#on	TD	Hartree-Fock	(MCTDHF)	
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1�

X

n

|nihn|
!
Êµ
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In	case	of	complete	CI	expansion	within	the	given	orbitals	

Mul#configura#on	TD	Hartree-Fock	(MCTDHF)	
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Importance	of	non-complete	CI	expansions	
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h (t)|ẍ| (t)iFT	of	

Applicaions 



7/12  No. 22

Advanced Laser and Photon Science (Takeshi SATO) for internal use only (Univ. of Tokyo) 

Report 
Submission due: July 31.  
Place to submit: the office of the Nuclear Engineering & Management, 2nd 
floor of the Bldg. 3. Language: English or Japanese.  

(1) 
MCTDHF includes single determinant TDHF as a special case. 
Derive the TDHF equations of motion (given in p. 7) starting from the 
MCTDHF equations (p. 15) by ignoring CI equations and inserting HF wave 
function,  
 
 
in the definition of one and two particle reduced density matrices. Here N is 
the number of electrons. The resultant equations will still look different 
from those in p. 7. Choose the appropriate Hermitian matrix R in order to 
obtain exactly the same equations as those in p. 7. 

| i = |111213 · · · 1N0000i
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(2) 

 GVB(r1, r2) =
1p
2
[ 1(r1) 2(r2) +  2(r1) 1(r2)]

= A1�1(r1)�1(r2) +A2�2(r1)�2(r2)

A1 =
1 + |S12|p
2(1 + |S12|2)

S⇤
12

|S12|
,

A2 =
1� |S12|p
2(1 + |S12|2)

S12

|S12|
,

�1 =
1p

2(1 + |S12|)

⇢
S12

|S12|
 1 +  2

�

�2 =
1p

2(1 + |S12|)

⇢
S⇤
12

|S12|
 2 �  1

�

Derive the transformation (Expressions for                      below) from GVB 
wave function to the MCTDHF wave function for the two-electron singlet 
system, and explicitly show that MCTDHF orbitals are orthonormal. Assume 
that GVB orbitals are normalized. See J. Phys. B: At. Mol. Opt. Phys. 47 , 
204031 (2014). 

A1, A2,�1,�2

+ 

A1 A2 + 

 1 2 +  2 1 = C1�1�1 + C3 {�1�2 + �2�1}

C1�1�1 + C2�2�2, h�1|�2i = 0A1�1�1 +A2�2�2

S12 = h 1| 2i


