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Abstract

The high-frequency behavior of the photoabsorption cross section of an ion immersed in
a plasma is investigated in the framework of the Thomas–Fermi model, supplemented with
Bloch’s hydrodynamic equations. It is shown that the singular nature of the electron density
pro�le near the point nucleus, derived in Thomas–Fermi approximation, causes enhanced high-
frequency absorption proportional to the inverse square of frequency. According to an exact
quantummechanical relation the electron density pro�le is not singular. It is shown that in the
hydrodynamic model a regular density pro�le leads to a photoabsorption cross section which
decays as the inverse sixth power of frequency. Thus for a regular density pro�le collective e�ects
described in the hydrodynamic model rapidly become less important at high frequency. In this
regime the photoabsorption cross section is dominated by single electron inverse bremsstrahlung.
c© 1998 Elsevier Science B.V. All rights reserved
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1. Introduction

In previous work [1–3] we have studied photoabsorption in dense plasmas on the
basis of Bloch’s hydrodynamic model [4]. Quantummechanical transitions were left
out of consideration, so that the theory certainly cannot do justice to the rich ab-
sorption spectra seen in experiment. On the other hand, the treatment accounts for
the collective motion arising from the interaction of the electron cloud of a selected
ion with the surrounding plasma. Plasma e�ects are omitted in theories which take a
single atom or ion as their starting point [5–7]. It is expected that the approximate
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hydrodynamic treatment provides a qualitative picture of the e�ect of the surrounding
plasma on the photoabsorption spectrum for frequencies of the order of the plasma
frequency.
We have studied, in particular, the photoabsorption cross section of an ion im-

mersed in a plasma described in Thomas–Fermi approximation [3]. A surprising fea-
ture of the calculation was that at high frequency, the cross section decays with only
the inverse square of frequency, with a coe�cient independent of temperature and
pressure. The behavior is identical to that found by Ball et al. [8] for an atom in
vacuum at zero temperature. This would suggest that at high frequency collective ef-
fects dominate the cross section. In comparison, the cross section for single electron
inverse bremsstrahlung decays with the inverse cube of frequency [9]. Although one
may take the view that at high frequency the hydrodynamic equations do not ap-
ply anyway [8], the result is somewhat disturbing and in our opinion demands fuller
investigation.
We show in the following that the enhanced high-frequency absorption is due to the

singularity in the electron density pro�le arising in the Thomas–Fermi model for an
ion with a point nucleus. The enhanced absorption disappears if the electron density
pro�le is regular. The Thomas–Fermi model can be modi�ed in such a way that the
electron density pro�le satis�es an exact quantummechanical rule [10]. For the density
pro�le thus made regular the hydrodynamic theory leads to a decay of the cross section
with the inverse sixth power of frequency. Consequently, at high frequency the total
cross section is dominated by single electron inverse bremsstrahlung.
The calculation of the high-frequency behavior of the cross section within the hy-

drodynamic model is nontrivial and has an interest of its own. The electron charge
density at a particular frequency satis�es a di�usion-type equation. Thus, the cal-
culation is related to studies of short-time e�ects in Brownian motion theory
[11–13].

2. Photoabsorption

We consider photoabsorption by an ion of charge Ze centered at the origin and
immersed in a plasma. In thermal equilibrium the electron density, averaged over the
positions of the remaining ions, is radially symmetric. We denote the mean electron
density pro�le by n0(r). In Bloch’s hydrodynamic model [1,4] one also needs the
pro�le #0(r) corresponding to the average of the local derivative (@�=@n)n0 of the
electron chemical potential with respect to density. At large distance from the selected
ion the density n0(r) tends to the uniform value n(0)0 ; and the pro�le #0(r) tends to
the corresponding value #(0)0 , given by the equilibrium equation of state. In order to
calculate the photoabsorption cross section in the framework of Bloch’s hydrodynamic
model one considers linear response of the system to a uniform oscillating electric
�eld E(0)(t)=E(0)! exp(−i!t). The hydrodynamic equations for the electron gas are
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linearized to [1]

@n1
@t
+∇ · (n0C1)= 0 ;

m
@C1
@t
=−∇(#0n1) + e∇�1 ; (2.1)

where n1(r; t) is the deviation of the electron density from the equilibrium pro�le,
C1(r; t) is the ow velocity, m is the electron mass, −e the electron charge, and �1(r; t)
is the deviation of the electrostatic potential from its equilibrium value. The potential
�1 is related to the density n1 by Poisson’s equation ∇2�1 = 4�en1: Putting

n1(r; t)= n!(r) exp(−i!t); �!=−en! ; (2.2)

one �nds for the electron charge density �!(r)

∇ · [n0∇(#0�!)] + e2∇ ·
(
n0∇

∫
�!(r′)
|r − r′|dr

′
)
+m!2�!= e2E(0)! · ∇n0 :

(2.3)

We write this equation in the form

∇ · D · [∇�! + (∇U )�!] + !2�! − e2

m
∇ · (n0E!)=

e2

m
E(0)! · ∇n0 (2.4)

with di�usion coe�cient D and potential U de�ned by

D=
1
m
n0#0; U = ln[#0=#

(0)
0 ] ; (2.5)

and with electric �eld E! given by E!=−∇�!: The induced electric dipole moment
p(1)! is de�ned by

p(1)! =
∫
r�!(r)dr : (2.6)

The frequency-dependent photoabsorption cross section can be calculated from the po-
larizability �′1(!) de�ned by [1]

p(1)! = �′1(!)E
(0)
! : (2.7)

In the present study we are interested, in particular, in the behavior of the photoab-
sorption cross section at high frequency. It will be shown in the following that this
is dominated by the short distance behavior of the mean pro�les n0(r) and #0(r). We
assume that the pro�les have power-law behavior of the form

n0(r)∼ r−�; #0(r)∼ r� as r→ 0 : (2.8)

For the Thomas–Fermi model with a point nucleus and the Fermi–Dirac ideal gas
equation of state the exponents are �= 3

2 and �= 1
2 at any temperature [3]. We refer

to this model as the TFPI model. More generally, we consider a class of models
with a range of freely variable parameters � and �. For the regular density pro�le the
exponents are � = � = 0.
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3. Dimensionless equations

For mathematical purposes it is convenient to transform the basic equation (2.4) to
a dimensionless form. Thus, we introduce the dimensionless distance x by

r= Z−1=3b a0 x; b=
1
2

(
3�
4

)2=3
; (3.1)

where a0 = ˜2=me2 is the Bohr radius. Correspondingly, we de�ne the dimensionless
pro�les n̂0(x) and #̂0(x) by

n0(r)=
Z 2

b3a30
n̂0(x); #0(r)=Z−2=3e2b2a20 #̂0(x) : (3.2)

The dimensionless frequency and electric �eld are de�ned by


=
˜a0
Ze2

!; Ê =
b2a20
Z5=3e

E! : (3.3)

From Eq. (2.5) we de�ne the dimensionless di�usion coe�cient D̂(x) by

D̂= n̂0#̂0 : (3.4)

Moreover, we de�ne the dimensionless charge density �̂(x) by

�!(r)=
Z 2e
b3a30

�̂(x) : (3.5)

Then Eq. (2.4) takes the dimensionless form

@
@x

· D̂ ·
[
@�̂
@x
+
(
@U
@x

)
�̂
]
−p�̂− @

@x
· (n̂0Ê)= Ê(0) · @n̂0

@x
; (3.6)

where p=−b3
2: The �eld Ê(x) is given by the solution of the electrostatic equation

@
@x

· Ê =4��̂ : (3.7)

In the TFPI model the pro�les n̂0(x) and #̂0(x) are independent of the charge number Z .
We choose the z-axis in the direction of E(0)! and use spherical coordinates (r; �; ’):

By angular symmetry the charge density �̂(x) takes the form

�̂(x)=f(x) cos � (3.8)

with f(x) satisfying the radial equation

d2f
dx2

+ P
df
dx
+ Qf − p

D̂
f + Kopf=

Ê(0)

D̂

dn̂0
dx

(3.9)
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with coe�cient functions P(x) and Q(x) given by

P(x)=
2
x
+

D̂′

D̂
+ U ′ ;

Q(x)=− 2
x2
+

(
2
x
+

D̂′

D̂

)
U ′ + U ′′ − 4�

#̂0
: (3.10)

The prime indicates di�erentiation with respect to x. The linear operator Kop is de�ned
by

Kopf=
4�
3

n̂0′

D̂


 ∞∫

x

f(x′)dx′ − 2
x3

x∫
0

x′
3
f(x′)dx′


 : (3.11)

The second term in Eq. (3.9) can be eliminated by means of the transformation

f(x)= g(x) exp(H (x)) ; (3.12)

with

H (x)=−1
2

x∫
x0

P(x′)dx′ ; (3.13)

where x0 is a �xed value. This leads to the integro-di�erential equation

d2g
dx2

+
[
Q − 1

4
P2 − 1

2
P′
]
g− p

D̂
g+ e−HKopeHg= Ê(0)

e−H

D̂
n̂0′ : (3.14)

We introduce the new variable

�=

x∫
0

1√
D̂(x′)

dx′ (3.15)

and the function

h(�)=
1

[D̂(x)]1=4
g(x) : (3.16)

Then h(�) satis�es the integro-di�erential equation

d2h
d�2

− ph−Wh+Moph= Ê(0)e−H D̂−1=4n̂′0 (3.17)

with function W (�) given by

W = D̂

[
1
4
P2 +

1
2
P′ − Q − 1

4
D̂′′

D̂
+
3
16

D̂′2

D̂2

]
(3.18)

and linear operator Mop de�ned by

Mop = D̂3=4e−HKopeH D̂1=4 : (3.19)
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The primes in Eq. (3.18) again indicate di�erentiation with respect to x. From Eq. (2.8)
we �nd

D̂≈D0x�−� as x→ 0 (3.20)

with a coe�cient D0. From Eq. (3.10) for � ¡ 2

P≈ 2− �+ 2�
x

; Q≈ −2 + �(1− �+ �)
x2

as x→ 0 : (3.21)

Hence, the function W (�) can be expressed as

W (�)=
�
�2
+ V (�) ; (3.22)

where the �rst term dominates for small � and V (�) is the remainder. The coe�cient
� is found to be

�=
32− 12�+ 4� + 3�2 + 2�� − �2

4(2 + �− �)2
: (3.23)

Finally, we de�ne the function  (�) by

h(�)= Ê(0)
√

�  (�) : (3.24)

Then Eq. (3.17) transforms to

d2 
d�2

+
1
�
d 
d�

− p −
(

�2

�2
+Vop

)
 =R0 ; (3.25)

with coe�cient

�2 = �+
1
4
=
9− 2�+ �2

(2 + �− �)2
; (3.26)

linear operator

Vop =V +
1√
�
Mop

√
� ; (3.27)

and on the right-hand side the function

R0(�)=
1√
�
e−H D̂−1=4n̂′0 : (3.28)

We assume that the e�ect of the operator Vop is su�ciently weak that Eq. (3.25) can
be solved by iteration. Thus, we consider the zero-order solution  0 as the solution of
the equation

d2 0
d�2

+
1
�
d 0
d�

− p 0 − �2

�2
 0 =R0 : (3.29)

This is an inhomogeneous Bessel equation of order � which can be solved explicitly.
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In Green’s function form

 0 =Gop R0 : (3.30)

The complete solution of Eq. (3.25) can be expressed as the Born series

 =
∞∑
j=0

 j (3.31)

with

 j =GopVop  j−1; j=1; 2; : : : : (3.32)

In analogy to Eq. (3.30) we write the complete solution as

 =Gop R : (3.33)

In the next section, we show that at high frequency, i.e. at large p; only the �rst term
 0 matters.

4. High-frequency behavior

The polarizability �′
1(!) can be expressed as an integral of the solution  (�; p) of

Eq. (3.25). The high-frequency behavior of the polarizability follows from the behavior
of the solution  (�; p) for large p. From Eqs. (2.6), (3.5), and (3.8) we �nd

p(1)! =
4�
3

Z2=3eba0

∞∫
0

x3f(x; p)dx : (4.1)

Hence, the polarizability is given by

�′
1(!)=

4�
3

b3a30
Z

∞∫
0

�w(�) (�; p)d� (4.2)

with weight function

w(�)=
1√
�
x3D̂

3=4
eH : (4.3)

We denote the integral in Eq. (4.2) by

A(p)=

∞∫
0

�w(�) (�; p)d� : (4.4)
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It is useful to transform the integral into an integral over wavenumbers. To that purpose
we consider the Hankel transforms [14]

w�(k)=

∞∫
0

�J�(k�)w(�)d� ;

 �(k; p)=

∞∫
0

�J�(k�) (�; p)d� : (4.5)

The inverse transforms are

w(�)=

∞∫
0

kJ�(k�)w�(k)dk ;

 (�; p)=

∞∫
0

kJ�(k�) �(k; p)dk : (4.6)

By substitution into Eq. (4.4) we �nd the Parseval formula

A(p)=

∞∫
0

kw�(k) �(k; p)dk : (4.7)

Next, we consider the explicit form of the Green’s function corresponding to the
linear operator Gop appearing in Eq. (3.29). The solution of Eq. (3.29) is given by

 0(�; p)=

∞∫
0

G(�; �′; p)R0(�′)d�′ (4.8)

with Green’s function

G(�; �′; p) =−I�(q�)K�(q�′)�′ for �′¿� ;

=−K�(q�)I�(q�′)�′ for �′¡� ; (4.9)

where I�(z) and K�(z) are modi�ed Bessel functions [15] and q=
√
p: For large pos-

itive p the Green’s function has appreciable weight only for small distance |� − �′|.
The Hankel transform of the Green’s function with respect to its �rst argument is

G�(k; �′; p)=
−1

p+ k 2
�′J�(k�′) ; (4.10)

as can be shown with the aid of Bessel function identities [16]. Hence, the Hankel
transform  �(k; p) is given by

 �(k; p)=
−1

p+ k 2
R�(k; p) : (4.11)
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Substituting this into Eq. (4.7) we �nd a spectral representation of the dimensionless
polarizability A(p). The behavior of the spectral density for large p is determined by
the wavenumber dependence of the transforms w�(k) and R�(k; p) for large k. This in
turn is determined by the behavior of the functions w�(�) and R�(�; p) for small �.
From Eq. (2.8) and the transformations in the preceding section we �nd

w(�)≈B�; R0(�)≈C�� as �→ 0 ; (4.12)

with exponents

=
3− �

2 + �− �
; �= − 2 : (4.13)

For the TFPI model = 1
2 and �=− 3

2 . It follows from Eqs. (3.30)–(3.33) and Eq.
(4.10) that for large p the singular behavior of R(�; p) is the same as that of R0(�).
We �nd the behavior of the Hankel transforms w�(k) and R0�(k) for large k from the
Weber–Schafheitlin formula [17]

∞∫
0

J�(t)
t�−�+1 dt=

�( 12�)

2�−�+1�(�− 1
2� + 1)

: (4.14)

Hence, we obtain

w�(k)≈B
2+1�( �+

2 + 1)

�( �−
2 )

k−−2 as k →∞ ; (4.15)

and for the transform R0�(k)

R0�(k)≈C
2�+1�( �+�

2 + 1)

�( �−�
2 )

k−�−2 as k →∞ : (4.16)

For certain values of � and � the conditions of validity of Eq. (4.14) are violated, but
an exponential convergence factor may be introduced, as shown by Watson [17], so
that the asymptotic formulae (4.15) and (4.16) remain valid. Substituting into Eq. (4.7)
and using Eq. (4.11) we �nd for the imaginary part of A(p) on the negative p axis

lim
�→0+

Im A(p=−k 2 + i�)=−�
2
w�(k)R�(k;−k 2 + i0) : (4.17)

We write the asymptotic form of the density pro�le as

n̂0(x)≈N0x−� as x→ 0 ; (4.18)

with a coe�cient N0. From Eqs. (4.15) and (4.16) we �nd for large k

−�
2
w�(k)R0�(k)≈ �N0 D

+�
2 +1
0 �(2 + �− �)+�+1

×�( �+
2 + 1)�( �+�

2 + 1)

�( �−
2 )�(

�−�
2 )

k−−�−4 : (4.19)
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The coe�cient D0 was de�ned in Eq. (3.20). The extinction cross section as a function
of frequency is given by [1]

�ext(!)=
�
c

√
!2 − !2

p0 Im �′
1(!) ; (4.20)

where !2
p0 = 4�n

(0)
0 e2=m is the plasma frequency. The dimensionless cross section

�̂ext(
) is de�ned by

�ext(!)=
4�e2

˜c b3a20 �̂ext(
) ; (4.21)

and given by

�̂ext(
)=
4�
3

√

2 − 
2

p0 Im A(−b3
2) : (4.22)

From Eqs. (4.17) and (4.19) we �nd for the high-frequency behavior

�̂ext(
)≈ S
−� as 
→∞ (4.23)

with exponent

�=3 + + �=
8− �− �
2 + �− �

(4.24)

and coe�cient

S =
4�2

3
N0D

[(+�)=2]+1
0 �(2 + �− �)+�+1�(

�+
2 + 1)�( �+�

2 + 1)

�( �−
2 )�(

�−�
2 )

b−(3=2)(+�+4) :

(4.25)

For the TFPI model N0 = 1=4�; D0 = 2
3 ; �= 3

2 ; �= 1
2 ; = 1

2 ; �=− 3
2 . For that model

the cross-section decays as 
−2 and the coe�cient becomes

S =
512

81�2
√
3

[
�( 2�+14 )

�( 2�+34 )

]2
= 0:70144 (TFPI) (4.26)

with �=
√
33=6: This agrees with the result of Ball et al. [8] for this model at zero

temperature and with vanishing asymptotic electron density n(0)0 . Our calculation shows
that for the TFPI model the coe�cient is independent of temperature and density n(0)0 .
The result is con�rmed by numerical calculation, as shown in Fig. 1. For other models
the exponent � and the coe�cient S depend on the exponents � and � de�ned in
Eq. (2.8), and on the coe�cients N0 and D0 de�ned in Eqs. (3.20) and (4.18).

5. Regular pro�le

The coe�cient S in Eq. (4.25) vanishes for �=0. This indicates that for a regular
density pro�le the calculation of the preceding section does not apply. In this section
we consider the required modi�cation.
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Fig. 1. The dimensionless cross section �̂ext(
) as a function of frequency 
 for the TFPI model at density
n̂(0)0 = 1:28× 10−5 and temperatures T̂ =0:0845 (solid curve) and T̂ =0:00845 (long dashes), and at density

n̂(0)0 = 1:28× 10−6 and temperatures T̂ =0:0845 (short dashes) and T̂ =0:00845 (dotted curve). At high
frequencies all four curves tend to the asymptote 0.70144=
2 as given by Eq. (4.26) (dash-dotted line).

Actually, the singular density pro�le is a peculiarity of the Thomas–Fermi model
resulting from the incomplete treatment of quantummechanical e�ects. According to
quantummechanics the exact electron density n0(r) and its derivative dn0=dr are �nite
at the point nucleus and related by

dn0
dr

∣∣∣∣
r=0

=−2Z
a0

n0(0) (5.1)

at any temperature [10]. We can modify the Thomas–Fermi model in such a way
that Eq. (5.1) is satis�ed by replacing the point nucleus by a di�use spherical charge
distribution [18]. Such a change will predominantly a�ect the high-frequency behavior
of the photoabsorption cross section. By this procedure the singular density pro�le is
changed into a regular one. We remark that the corrections for strongly bound electrons
introduced by Scott [19] and Schwinger [20] give an electron density pro�le that still
diverges at the origin. In a more detailed correction by Englert [21] the electron density
is �nite at the origin, but its derivative diverges there.
For a regular density pro�le both exponents � and � in Eq. (2.8) vanish, so that

from Eq. (3.26) the order of the Bessel functions is �= 3
2 . From Eq. (4.13) the values

of the exponents  and � are = 3
2 ; �=− 1

2 . This shows that the denominator in Eq.
(4.15) diverges, so that we must calculate the next term in the asymptotic expansion
of w�(k) for large k.
We assume that the pro�les n̂0(x) and #̂0(x) have the regular expansions

n̂0(x) =N0 + N1x + O(x2) ;

#̂0(x) = T0 + T1x + O(x2) ; (5.2)

where N0 and N1 are related by Eq. (5.1), and T0 and T1 are related to N0 and N1 by
the equilibrium equation of state. From Eq. (3.4) we �nd

D̂(x)=D0 + D1x + O(x2) (5.3)
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with

D0 =N0T0; D1 =N0T1 + N1T0 : (5.4)

We de�ne coe�cients H0; H1 from the function H (x) in Eq. (3.13) as

exp(H (x))=
H0
x
[1 + H1x] + O(x2) : (5.5)

The derivative of the potential U (x) is

U ′(x)=
T1
T0
+ O(x) : (5.6)

We therefore �nd from Eqs. (3.10) and (3.13)

H1 =− N1
2N0

− T1
T0

: (5.7)

From Eq. (4.3) we �nd that the weight function w(�) has the expansion

w(�)=B�3=2 + B1�5=2 + O(�7=2) (5.8)

with coe�cients

B=D7=40 H0; B1 =B
[
5D1
4
√
D0
+ H1

√
D0

]
: (5.9)

The function R0(�) de�ned in Eq. (3.28), has the expansion

R0(�)=C
√

�+ O(�3=2) ; (5.10)

with coe�cient

C =
D1=40 N1
H0

: (5.11)

For the high-frequency behavior of the cross section we �nd �nally

�̂ext(
)≈ S1
−6 as 
→∞ (5.12)

with coe�cient

S1 =
261=2

38�6
B1 C ≈ 240:7B1C : (5.13)

In the product B1C the coe�cient H0 cancels. We �nd

B1C = 1
4N1D

3=2
0 [N0T1 + 3N1T0] : (5.14)

We have performed an explicit calculation for the Thomas–Fermi model in order to
estimate the frequency range in which the asymptotic result (5.12) becomes dominant.
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Fig. 2. The dimensionless cross section �̂ext(
) as a function of 
 for the Thomas–Fermi model at reduced
temperature T̂ =1, asymptotic electron density n̂(0)0 = 10−2, and nuclear charge number Z =13 (solid curve).
The density pro�le has been made regular at the origin by the device discussed in Section 5. At high
frequencies the cross section tends to the asymptote S1
−6 with S1 = 971689, as given by Eq. (5.13) (dotted
line). We compare with the cross section for the TFPI model with the same parameters (long dashes). This
tends to the asymptote S
−2 with S =0:70144 (dash-dotted line).

We make the electron density pro�le regular by replacing the Coulomb potential of
the point nucleus by the potential produced by the spherical charge density

�n(r)=Ze
k 2

�
e−2kr

r
(5.15)

with a coe�cient k chosen such that the relation (5.1) is satis�ed. In contrast to the
TFPI model the resulting density pro�le no longer scales with the charge number Z .
The charge density (5.15) di�ers from the one in Ref. [18], but has the advantage that
it is positive everywhere. In Fig. 2 we plot the dimensionless cross section �̂ext(
) as a
function of 
 for the Thomas–Fermi model at reduced temperature T̂ =1 and asymp-
totic electron density n̂(0)0 = 10−2 for the above nuclear charge density with Z =13.
At high frequency, the cross section is dominated by the asymptotic result (5.12). We
compare with the cross section as calculated for the TFPI model with the same param-
eters. In the intermediate frequency regime the cross section for the two models is the
same.

6. Conclusion

A calculation of the photoabsorption cross section of an ion immersed in a plasma
within the framework of the Thomas–Fermi model supplemented with Bloch’s hydro-
dynamic equations showed surprisingly strong absorption at high frequencies [3]. The
preceding analysis shows that the enhanced absorption is due to the singular elec-
tron density pro�le near the point nucleus. The singularity is a peculiar feature of the
Thomas–Fermi approximation. In reality, the density pro�le is regular near the nu-
cleus. A calculation of the cross section on the basis of Bloch’s hydrodynamic model
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shows that for a regular pro�le the cross section decays with the inverse sixth power
of frequency at high frequency. The coe�cient of the power law depends on the elec-
tron density at the nucleus and on the equilibrium equation of state of the electron
gas. The rapid decay with frequency indicates that at high frequency collective absorp-
tion becomes less important. At high frequency, the photoabsorption cross section is
dominated by single electron inverse bremsstrahlung.
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