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High-power regime of femtosecond-laser pulse propagation in silica: Multiple-cone formation
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We present a numerical study of the (211)-dimensional propagation dynamics of femtosecond-laser pulses
in silica. In particular, considered are pulses, whose power is tens to hundreds of times higher than the
threshold for self-focusing. We solve the axially symmetric, extended, nonlinear Schro¨dinger equation for the
laser electric field, including group velocity dispersion, Kerr nonlinearity, plasma formation and defocusing,
self-steepening, and space-time focusing. Our simulation results reveal that the high-power pulses are split
spatially, as well as temporally, several times into multiple cones during its propagation. This new structure is
formed as a result of the interplay of strong Kerr self-focusing and plasma defocusing. The number of cones
and their angle with respect to the propagation axis increase with incident pulse energy. The uncertainty, which
may be contained in the evaluation of plasma response and band-to-band transition rate, and the pulse distur-
bance by modulation instability are also analyzed. Although these influence the details of the pulse propaga-
tion, they do not affect the essence of our results: the multiple-cone formation.
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I. INTRODUCTION

The propagation of light in a medium has been fundam
tal in pure physics as well as important in applied science
centuries. In early days, available light sources were so w
that its propagation was dominated by linear effects. Si
the advent of intense femtosecond~fs! laser pulses, complex
linear and nonlinear effects originating from their bro
spectral bandwidths, short pulse widths, and high p
power have posed significant challenges. For several ye
researchers have intensively investigated the propagatio
intense fs pulses in gases@1–7#, especially in air, and have
found various phenomena such as filamentation and p
splitting. An important parameter is the critical powerPcr

5l0
2/2pn0n2 for self-focusing in the continuous wave limi

wherel0 denotes the laser wavelength,n0 the linear refrac-
tive index, andn2 the nonlinear refractive index. The valu
of Pcr is about 3 GW for air atl05800 nm, and work@1–7#
for gas has been performed using a power up to a few ten
timesPcr . The propagation in solids@8–12# is less studied.
Zozulyaet al. @9# simulated the propagation of fs pulses wi
a power of 3.9–5.4 MW in the context of multiple splitting
coalescence, and continuum generation. Rankaet al. @10#
and Tzortzakiset al. @11# also studied the propagation of
pulse with a power of several MW and found processes s
lar to those in a gas. The laser power used in these stu
however, is by orders of magnitude lower than those use
the studies for air. On the other hand, an experiment for si
glass using a power up to 1 GW, several hundred timesPcr
(52.2 MW), was recently performed@12#.
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In the present study, we report the results of our numer
simulations of the propagation of cylindrically symmetr
Gaussian intense fs-laser pulses in silica. We conside
input pulse power ranging from several tens to several h
dreds of timesPcr . In such a high-power regime the las
pulse propagation is qualitatively different from that
pulses with a lower power or pulse propagation in gas
After the Kerr self-focusing, the pulse is multiply split i
time as well as in space to form multiple cones, which a
approximately parallel to each other but not parallel to
propagation axis. The number of the formed cones as we
their angle with respect to the propagation axis increa
with the input pulse power. This unique structure origina
from a large local variation of the refractive index caused
nonlinear response of silica and plasma formation. The
havior of silica in an intense fs-laser pulse such as the rat
plasma formation and the response of conduction~plasma!
electrons has not been sufficiently clarified yet, to the
thors’ knowledge. The multiple-cone formation, howev
seems to be robust against these uncertainties and is
present in cases in which the pulse propagation is distur
by modulation instability.

The present paper is organized as follows. Section II su
marizes the simulation model. In Sec. III, we present
simulation results for ultrashort high-power pulses propag
ing inside silica. In Sec. III A, we show the evolution of th
intensity distribution of the pulse. Upon propagation, es
cially, the pulse is transformed into a structure made up
several cones. In Sec. III B, we study the mechanism of
formation of these multiple cones. In Secs. III C–III E, w
discuss how several uncertainties inherent in the pre
model affect our simulation results. The conclusions
given in Sec. IV.
©2002 The American Physical Society08-1
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II. MODEL

Assuming propagation along thez axis, we model the
evolution of the complex envelopeE(r ,z,t) of the electric
field E(r ,z,t)5E(r ,z,t)exp(ik0z2iv0t) with the extended,
nonlinear Schro¨dinger equation@1,4,5,7# in a reference frame
moving at the group velocity,
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ED23s6~r02r!S uEu2

\v0
D 5

E. ~1!

E is normalized in such a way thatuEu2 gives an intensity in
W/cm2 for convenience, andc denotes the vacuum velocit
of light. The second to fourth terms on the left-hand s
describe the second- and third-order group velocity disp
sion, and transverse diffraction, respectively. The terms
the right-hand side describe the nonlinear Kerr response
contribution of plasma formation to the refractive index, a
loss due to multiphoton absorption. The terms containing
operator (i /v0)]/]t account for the correction beyond th
slowly varying envelope approximation~SVEA! @1,4,8#, nec-
essary to treat short pulses considered in the present stu

We choose a laser operating wavelength ofl05800 nm,
which corresponds to the angular frequencyv052.35 fs21

and the vacuum wave numberk057.85mm21. The material
parameters used in our simulations for silica are as follo
b250.034mm21 fs2, b350.03mm21 fs3, n051.4533, n2
52.66310216 cm2/W. The critical electron densityrcr for
l05800 nm is 1.7431021 cm23, and the initial electron
densityr0 in the valence band is 2.2331022 cm23. r is the
density of electrons produced through six-photon band
band transitions~the band gap is 9.0 eV!. The cross section
s6 for this process is evaluated to be 2.63102180 s5 cm12

from the Keldysh theory@13#. Equation~1! is coupled with
an equation describing the conduction electron density e
lution,

]r

]t
5s6S uEu2

\v0
D 6

~r02r!. ~2!

In principle, a term for avalanche ionization should be add
to this equation. The classical models@14,15# of optical
breakdown, however, cannot be applied in the fs-pulse
gime @16,17#. Although several new models@16,17# have
been proposed, their validity is yet to be established. On
other hand, no laser-induced damage was observed in
experiments by Kumagaiet al. @12# under the conditions
similar to those in our simulations. Moreover, in our resu
the maximum intensity achieved during the propagation
much lower than the threshold for the laser-induced bre
down @18,19# as we will see later in Fig. 2, indicating tha
multiphoton band-to-band transition dominates plasma
mation. We have, therefore, neglected avalanche ioniza
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The loss of electrons due to diffusion and recombination
also negligible in the fs regime@19#. The temporal intensity
profile of the incident pulse is proportional to sech2 with a
full width at half maximum~FWHM! of 130 fs. Its lateral
profile is Gaussian with a FWHM of 235.5mm. The geo-
metrical focus is at a propagation distancez of 10.9 mm~Fig.
1!. The numerical scheme to solve Eq.~1! is based on the
split-step Fourier method@20#. The diffraction term is treated
with the method developed by Kooninet al. @21#, to solve
the time-dependent Schro¨dinger equation in cylindrical coor
dinates. The nonlinear terms as well as Eq.~2! are integrated
using the Runge-Kutta method. In order to prevent reflect
of the pulse from the grid boundary, after each time step,
multiply the envelopeE of the electric field by a cos1/8 mask
function @22# that varies from 1 to 0 over a width of one
eighth of the maximum radius at the outer radial bounda
In fact, as we will see later, virtually no reflection is observ
even without this procedure. We have checked the numer
results by doubling the space and time resolution, which
to no visible changes in the behavior of the results presen
here. We have also tried a few other schemes to integrate
~1! and confirmed that the results remain virtually the sam

III. RESULTS

A. Evolution of the laser intensity profile

Figure 2 illustrates the spatiotemporal laser intensity p
file at different propagation distancesz for the input energy
of 135 mJ. This translates to the input powerP'1 GW or
4.73102Pcr . With z53200mm, the pulse energy is concen
trated near the beam axis due to self-focusing, and the p
is shifted toward the trailing edge due to self-steepen
@20#. As the self-focusing proceeds and the local intens
increases further, conduction~plasma! electrons are produce
through multiphoton absorption. Since the plasma format
has a negative contribution to the refractive index, this le
to defocusing near the trailing edge (z53300mm) and re-
sults in the formation of a conelike structure (z
53400mm). So far, the pulse evolution is similar to thos
for the input power, which is a few times higher thanPcr .

FIG. 1. Schematic of the setup.F, focus in the low-intensity
limit ( z510.9 mm);Fv , vacuum focus (z57.5 mm). The focused
laser pulse is incident onto the silica atz50 from the left along the
z axis. The lateral intensity profile atz50 is Gaussian with a
FWHM of 2r 05235.5mm. The incident surface is located atz
52.5 mm only for the case of Fig. 5.
8-2



t
s. The

e

-

-

HIGH-POWER REGIME OF FEMTOSECOND-LASER . . . PHYSICAL REVIEW E 66, 056608 ~2002!
FIG. 2. ~Color! Spatiotemporal intensity distribution of an initially Gaussian pulse with an energy of 135mJ propagating in silica at eigh
different propagation distancesz indicated above each image. The scale of vertical and horizontal axes is common for all the image
color palette~a! of intensity applies forz53200mm, ~b! for z53300mm, and~c! for the other values ofz. The simulation parameters ar
indicated in Table I~f!. Note that the distribution is cylindrically symmetric around the beam axisr 50.

FIG. 3. ~Color! Spatiotemporal
intensity distribution of an ini-
tially Gaussian pulse with an en
ergy of 135mJ propagating in
silica at a propagation distancez
54000mm, calculated with dif-
ferent sets of simulation param
eters listed in Table I.
056608-3
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What follows, however, is a dramatic new feature th
emerges only whenP exceedsPcr by orders of magnitude. A
second cone has been formed outside the first conez
53500mm. With pulse propagation, more and more con
are formed, resulting in the formation of multiple-cone-lik
structure byz54000mm. This structure is formed rapidly
during a short interval of several hundreds ofmm and propa-
gates stably at least for 2 mm, or over five times Rayle
length, zR53.63102 mm. The time scale of each cone
15–25 fs, which can still be treated with the SVEA wi
correction terms. The intensity achieved is at most
31013 W/cm2, and the maximum value of the fluence
0.9 J/cm2. This is smaller than the experimentally obtain
threshold fluence for optical breakdown (3 –4 J/cm2) for a
100-fs pulse@18#.

As is already mentioned, we have verified the numeri
accuracy of our results by changing simulation parame
such asDr , Dt, Dz, r max, tmax, successively. In Fig. 3 we
show the spatiotemporal laser intensity profile atz
54000mm calculated with different values of the parame
set, detailed in Table I for the same input energy (135mJ) as
in Fig. 2. The simulation results converge when we use fi
grids, i.e., decrease the values ofDt, Dr , andDz; the grid
spacingsDt52 fs, Dr 50.781mm, andDz51 mm, repre-
sented as~b! in Table I are sufficient. While the grid spacing
are common for Figs. 3~b!–3~d!, the grid size for Fig. 3~c! is
twice as large, both int and r, and the mask function is no
set at ther boundary in the case of Fig. 3~d!. These three
panels are virtually identical, indicating that the reflection
the pulse from the calculation boundary is negligible.

In Fig. 4, we show the variation of the energy contained
the pulse that is absorbed through multiphoton band-to-b
transition, and their sum~the total energy!, with the propa-
gation distancez for the case of Fig. 2. The total energy
well conserved during the course of the simulation. The c
stancy of the energy absorption rate atz.3800mm is re-
markable. This observation reflects the stability of t
multiple-cone structure as can be seen from Fig. 2.

Figure 5 illustrates how the spatiotemporal intensity d
tribution evolves, when the silica surface is located az
52.5 mm instead ofz50 mm. We note that the initial stag
of cone formation, in particular, is quite different from that
Fig. 2. This might reflect the fact that self-focusing is sen

TABLE I. Simulation parameters used for each result in Fig.
Dt, Dr , andDz denote grid spacings int, r, andz directions, re-
spectively. The ranges oft grids and r grids are 2tmax/2,t
,tmax/2 and 0,r ,r max, respectively. The rightmost column ind
cates whether the mask function is set at ther boundary or not.

Dt Dr t max r max Dz Absorbing
~fs! (mm) ~fs! (mm) (mm) boundary

~a! 4 1.56 1024 400 4 Yes
~b! 2 0.781 1024 400 1 Yes
~c! 2 0.781 2048 800 1 Yes
~d! 2 0.781 1024 400 1 No
~e! 1 0.391 1024 400 1 Yes
~f! 0.5 0.391 1024 400 0.25 Yes
05660
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tive to the interface position. On the other hand, the intens
distribution is less distinctive at later stage.

Figure 6 shows the spatiotemporal intensity distributi
for the pulses with an incident energy of 15 and 45mJ at the
propagation distance, at which the multiple-cone formati
is nearly saturated. With decreasing pulse energy, the num
of cones decreases, and the cones are more parallel to
propagation direction. Though not shown in Fig. 6, th
multiple-cone formation ceases when we further decrease
incident pulse energy.

FIG. 4. Variation of the energy contained in the pulse~solid
line!, the energy absorbed through multiphoton band-to-band tr
sition ~dotted line!, and their sum~dashed line!, with the propaga-
tion distancez for the case of Fig. 2.

FIG. 5. ~Color! Spatiotemporal intensity distribution of an ini
tially Gaussian pulse with an energy of 135mJ propagating in silica
at four different propagation distancesz indicated above each im-
age, in cases where the incident surface is located atz52.5 mm.

.
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B. Mechanism of the multiple-cone formation

To explore the mechanism of the multiple-cone formatio
in Fig. 7, we show the lateral distribution of the lase
induced refractive index changeDn given by

Dn5n2uEu22
1

2

r

rcr
, ~3!

at t544 fs andz53340 and 3360mm, as well as the corre
sponding intensity distribution. It follows from Eq.~3! that
the increase in intensity has a positive contribution, and
increase in conduction electron density, i.e., plasma for
tion has a negative contribution. In Fig. 7, atz53340mm,
the maximum inDn is slightly outside the intensity maxi
mum ~i.e., the first cone!, andDn is nearly flat in the range
r 59 –12mm, while the intensity gradually decreases w
increasingr. These are because the electron density is hig
for smaller value ofr. At z53360mm, the self-focusing is
so strong that the first intensity peak takes up much ene
from its vicinity. As a result, the peak becomes more prom

FIG. 6. ~Color! Spatiotemporal intensity distribution of an in
tially Gaussian pulse~a! with an energy of 45mJ at the propagation
distance z55500mm and ~b! with an energy of 15mJ at z
57000mm. The simulation parameters are indicated in Table I~b!.

FIG. 7. Radial distribution of intensity~thick lines, left axis! and
refractive index changeDn ~thin lines, right axis! at t544 fs for the
case of Fig. 2. Solid lines are for the propagation distancz
53340mm and dotted lines forz53360mm.
05660
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nent and a second local maximum inDn is formed around
r 511.3mm. Once the second peak is formed, the local s
focusing effect leads to the growth of the second cone an
the formation of a third maximum inDn. The avalanche of
this process continues as long as the part of the pulse ou
the outermost cone contains sufficient power.

Figure 8 shows the spatiotemporal intensity distribution
z54000mm for an input energy of 135mJ calculated by
neglecting the dispersion and the terms containing (i /v0)
3(]/]t) in Eq. ~1!. We can see that the intensity distributio
exhibits features essentially similar to those in Fig. 2, thou
quantitative details are different due to the neglect of sev
terms. This observation confirms that the saturation of
Kerr self-focusing is caused by plasma formation and t
the multiple-cone structure is formed by the interplay of t
Kerr self-focusing and the plasma defocusing.

C. Effect of the saturation of the conduction
electron drift velocity

In Eq. ~1!, we have assumed a free-electron-like respo
of conduction electrons in silica. To our knowledge, no qua
titative data are available on their response to intense l
fields. The electron drift velocity in a static electric field
proportional to the field up to 23105 V/cm, with a mobility
of 21 cm2/V s @23#, and much larger than the maximum v
locity of a free electron oscillating in a laser field with th
same strength. On the other hand, when the field is hig
than a few MV/cm, the drift velocity is saturated at abo
23107 cm/s @23#, i.e., the maximum free-electron velocit
in a laser field with an intensity ofI th51012 W/cm2. Above
this intensity, the response of conduction electrons might
significantly different from that of free electrons. To exami
the impact of this effect, we have performed simulations
replacingr/rcr in Eq. ~1! with (r/rcr) f (uEu), where

f ~ uEu!5
1

A11uEu2/I th

, ~4!

FIG. 8. ~Color! Spatiotemporal intensity distribution of an in
tially Gaussian pulse with an energy of 135mJ at z54000mm,
calculated by neglecting the dispersion and the terms contai
( i /v0)(]/]t) in Eq. ~1!. The simulation parameters are indicated
Table I~b!.
8-5
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models the saturation of electron drift velocity in a simp
manner. In Fig. 9, we show the obtained intensity distrib
tion at z54000mm for the input energy of 135mJ. Al-
though the cones are shifted toward the beam axis du
smaller plasma defocusing, the image is similar to the co
sponding one in Fig. 2.

FIG. 9. ~Color! Spatiotemporal intensity distribution of an in
tially Gaussian pulse with an energy of 135mJ at the propagation
distancez54000mm obtained by taking account of the saturati
of conduction electron drift velocity. The simulation parameters
indicated in Table I~b!.
ith
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D. Photoionization rate

Among the material parameters used in the present st
the photoionization rate is the most uncertain. The Keldy
theory may underestimate or overestimate the multipho
ionization cross section even by six orders of magnitude.
have examined how the error ins6 affects our results by
simulating the pulse propagation, by varying the value ofs6

from 2.63102182 s5 cm12 to 2.63102174 s5 cm12, i.e., from
1022–106 times the value used for the case of Fig. 2. T
results are shown in Fig. 10. The multiple-cone formati
can be seen for a very wide range, over six orders of m
nitude (2.63102182 s5 cm12 to 2.63102176 s5 cm12) of s6,
though its quantitative details depend ons6: the maximum
intensity and the number of cones decrease, and the siz
each cone becomes larger with an increasing value ofs6.
Although multiple cones are not formed in the case ofs6
52.63102174 s5 cm12 @Fig. 10~d!#, the possibility of so high
a value ofs6 might be excluded on the basis of an unpla
sibly low maximum intensity achieved (;7
31011 W/cm2). The surprising robustness against the er
in s6 is explained as follows: from the viewpoint of th
band-to-band transition rate in Eq.~2!, the decrease ins6 by
two orders of magnitude is recovered by the increase in
tensity only byA6 10052.2. This does not affect the propag
tion behavior significantly. As can be expected from this
gument, the maximum intensity increases gradually w

e

-
n

lue

a-
FIG. 10. ~Color! Spatiotemporal intensity dis
tribution of an initially Gaussian pulse with a
energy of 135mJ at a propagation distancez in-
dicated above each image, obtained with a va
of s6, which is~a! 1022, ~b! 102, ~c! 104, ~d! 106

times as large as for Fig. 2. The simulation p
rameters are indicated in Table I~b!.
8-6



or
to

on
tte
-f

ca

tin
e

a-
q

d
in

-

e
th
is
du
e

a-
e
er
d.
al
d-

ust
d on
duc-
dly
the

a-
e

nto
(
r-

er

i-

he

e

of
ion
s
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decreasing multiphoton ionization cross sections6. While it
is difficult to obtain results fors6 smaller than 2.6
3102182 s5 cm12, since our simulation code is not stable f
such a range ofs6, the maximum fluence is expected
reach the damage threshold (3 –4 J/cm2 @18#!.

In Eq. ~2! we have assumed that multiphoton ionizati
dominates over avalanche ionization. However, the la
may not be completely negligible, even in case of 130
pulses. If we include avalanche ionization, Eq.~2! is replaced
by

]r

]t
5h~ uEu!r1s6S uEu2

\v0
D 6

~r02r!, ~5!

whereh(uEu) denotes the electron avalanche rate, which
be expressed, according to Thornber’s model@14#, as

h~E!5
vseE

Ui
expS 2

Ei

E~11E/Ep!1EkT
D , ~6!

whereUi denotes the band gap energy,vs is the saturation
conduction electron drift velocity, andEkT , Ep , andEi are
threshold fields for electrons to overcome the decelera
effects of thermal, phonon, and ionization scattering, resp
tively. In order to obtain an insight of the impact of av
lanche ionization, we have performed simulations with E
~5! instead of Eq.~2! and with the correspondingly modifie
version of Eq.~1!. The following values of the parameters
Eq. ~5! are used:Ui59.0 eV, vs523107 cm/s @23#, EkT

53.6AW/cm2, Ep51.23105AW/cm2, and Ei51.1
3106AW/cm2 @19#. The spatiotemporal intensity distribu
tion at z55000mm obtained for an input energy of 135mJ
is shown in Fig. 11. We can again see that the laser puls
transformed into multiple cones. The angle between
cones and the propagation axis is larger than in Fig. 2. Th
because avalanche ionization promotes the plasma pro
tion at the trailing edge of the pulse, leading to strong
defocusing there.

FIG. 11. ~Color! Spatiotemporal intensity distribution of an in
tially Gaussian pulse with an energy of 135mJ at the propagation
distancez55000mm obtained by taking account of the avalanc
ionization based on Thornber’s model@Eq. ~5!#. The simulation
parameters are indicated in Table I~b!.
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Strictly speaking, Thornber’s model of avalanche ioniz
tion @Eq. ~5!# @14# may not be applied in the fs-pulse regim
@16,17#. Moreover, tunneling ionization may dominate ov
multiphoton ionization at the highest intensity achieve
Anyway, the Keldysh theory may deviate largely from re
photoionization rates. It follows, however, from the prece
ing discussion that the multiple-cone formation is a rob
phenomenon, whose qualitative nature does not depen
the details of the response and the production rate of con
tion electrons, as long as the photoionization rate rapi
increases with intensity. It is expected, therefore, that
essence of our results, especially the multiple-cone form
tion, may hold for many other solids and liquids. Now w
can divide the fs-pulse propagation without breakdown, i
three different power regimes. In the low-power regimeP
,Pcr), the propagation is predominantly linear. In the inte
mediate regime (P'several timesPcr), the filamentation
and the temporal splitting is observed. In the high-pow
regime (P'several tens to hundreds of timesPcr), the
multiple-cone structure is formed.

FIG. 12. ~Color! Spatiotemporal intensity distribution of a puls
with an incident energy of 135mJ at four different propagation
distancesz indicated above each image. The initial radial profile
the pulse is Gaussian, slightly modulated by an oscillating funct
Eq. ~7! with a51023 andL5100 mm. The simulation parameter
are Dt50.5 fs, Dr 50.781mm, Dz50.5 mm, tmax51024 fs, and
r max5400 mm.
8-7
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E. Modulation instability

In the present study we assume that the input pulse i
unperturbed Gaussian beam. It is known, however, that in
mogeneity may lead to a breakup of the beam into sev
filaments@6#. In order to get an insight of how the multiple
cone formation is affected by this modulation instability, w
have performed simulations, in which the electric field a
plitude of the input pulse is that of a Gaussian beam sligh
modulated by an oscillating function,

f mod~r !511a sin
2pr

L
, ~7!

wherea andL are constant parameters. Figure 12 shows
evolution of the pulse in the case ofa51023 and L
5100 mm. In the presence of the modulation, the beam d
not evolve as a single hump, but it is transformed into
double ring around the propagation axis@Fig. 12~a!#. Then,
while the middle part of the rings tend to merge again@Fig.
12~b!#, the posterior and the peripheral parts of the pu
form a structure similar to multiple cones@Figs. 12~c! and
12~d!#. Thus, the feature of the multiple-cone formation
still present, though perturbed by modulation instability.

In order to take the effect of azimuthal inhomogene
into account, we must resort to fully three-dimensional sim
lations@3# instead of the axially symmetric modeling. Whi
this has not been done in the present study, mainly due to
constraint of computational time, the competition of t
multiple-cone formation and the modulation instability
,
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fully three-dimensional situations should be investigated
future work.

IV. CONCLUSIONS

We have presented numerical simulations of the Gaus
fs-pulse propagation in silica in the high-power regim
where the power of the incident pulse is from several ten
several hundreds of times higher thanPcr of the solid. Our
results have revealed that the pulse is split many times, b
temporally and spatially and that, as a result, the inten
distribution contains multiple cones, which are not paralle
the propagation axis, though they are nearly parallel to e
other. The cones are formed rapidly within several 100mm
by the interplay of Kerr self-focusing and plasma defocusi
As the input pulse energy increases from 15mJ to 135mJ,
the angle between the cones and the propagation axis,
the number of the formed cones also increase.

The account of the drift velocity saturation of conductio
electrons, the uncertainty of the band-to-band transition r
and the modulation instability do not influence the essenc
our results much; the multiple-cone structure is formed
any case, though its quantitative details are affected. T
observation strongly supports the physical reality of t
feature.
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