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We theoretically study a process in which helium is doubly ionized by absorbing two soft x-ray �91.45 eV�
photons from attosecond, intense high-order harmonic sources. We directly solve the time-dependent
Schrödinger equation and obtain electron energy distribution in the double continuum. Our results show that
between the two peaks in electron energy spectra, expected for usual sequential ionization, an additional
component �anomalous component� is present. The total two photon above-threshold double ionization yield
including the anomalous component is explained by sequential processes: the two electrons are ejected one by
one, absorbing a single photon each. This observation rejects the intuition that nonsequential double ionization
would be responsible for the anomalous component. With the help of simple semiclassical stochastic models,
we discuss two possible origins of the anomalous component, namely, postionization energy exchange and
second ionization during core relaxation, of which the latter is more plausible: the ionization interval is so short
that the second electron is ejected while the two electrons are still exchanging energy.
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I. INTRODUCTION

Double ionization, the process in which an atom ejects
two electrons by absorbing a single or several photons, is
classified into two categories: sequential and nonsequential.
While in the former the two electrons are ejected one by one
independently of each other, in the latter they are ejected
simultaneously. Two mechanisms, shake-off �1� and recolli-
sion �2�, underlying the nonsequential processes are known,
both of which entail the correlation between the two elec-
trons. In the shake-off mechanism �1�, dominant in single-
photon double ionization by an usually weak x-ray pulse, the
disappearance of the first electron leads to a sudden change
of the potential which the second electron feels, and it is this
sudden change of the potential that “shakes the second elec-
tron off.” On the other hand, in the recollision, common in
the case of an intense laser pulse �3�, the outer electron,
ejected through multiphoton or tunneling ionization, is
driven by the laser field and recollides with the core to ionize
the secondary electron �2�.

The recent progress in the high-order harmonic generation
�HHG� technique �4–7� has enabled the development of new
soft x-ray sources with two distinct characteristics. On the
one hand, ultrashort pulses with a duration down to
250 attoseconds �as� can now reveal ultrafast motion of elec-
trons inside an atom �8–10� and are applied to direct mea-
surement of light waves �11�. On the other hand, high-power
pulses produced with a phase-matching technique �12–18�
can induce multiphoton ionization �19–23�; Sekikawa et al.
�19� have characterized extreme ultraviolet �xuv� pulses

�photon energy 27.9 eV� with a pulse duration of 950 as by
an autocorrelation technique, based on two photon above-
threshold ionization of helium, and Hasegawa et al. �20�
have recently observed two-photon double ionization of he-
lium by Ti:sapphire 27th harmonic pulses �photon energy
41.8 eV�, and this has been applied to the autocorrelation
measurement of the pulse duration of the soft x-ray pulses
�24�.

With such new sources at hand, then, it would be quite
natural to ask ourselves how an atom is doubly ionized when
ultrashort pulse length, high intensity, and short wavelength
are copresent, and this has motivated several authors �25–28�
to study two-photon and/or double ionization of helium by
ultrashort intense xuv and soft x-ray pulses theoretically
based on the time-dependent Schrödinger equation �TDSE�.
Helium is virtually the only multielectron atom which one
can handle exactly by numerical simulation, even though lat-
tice calculations of single-photon ionization of Li �29� have
recently been reported. Parker et al. �25� have studied double
ionization of helium by a soft x-ray pulse with a photon
energy of 3.2 atomic units �a.u.� or 87 eV and a peak inten-
sity around 1016 W/cm2, and suggested the possibility of
nonsequential processes. In a series of papers �26–28�
Bachau and co-workers have examined energy spectra of
electrons ejected through two-photon double ionization of
He and Be. They have discussed the effects of electron cor-
relation in the context of ultrashort pulses and showed that
for photon energies higher than 54.4 eV, the electron left in a
nonstationary bound state of He+ has no time to relax and the
two peaks corresponding to sequential ionization shift to-
wards each other in the attosecond regime.

In this paper, we present a computational study of two-
photon double ionization of helium by attosecond intense
soft x-ray pulses. Specifically we consider the 13.6 nm*Electronic address: ishiken@q.t.u-tokyo.ac.jp
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wavelength, which corresponds to the 59th harmonic �8–10�
of a Ti:sapphire laser �wavelength 800 nm�, for which at-
tosecond pulses have been experimentally demonstrated. For
this wavelength it is also possible to obtain high intensity
�15�. In particular, we examine energy spectra of the ejected
electrons as a function of pulse length in detail. This pro-
vides useful information about the electron correlation under
an ultrashort intense pulse. We numerically solve the time-
dependent Schrödinger equation �TDSE� by close-coupling
grid calculations. Our results show that between the two
peaks at 37 and 67 eV due to usual sequential double ioniza-
tion the electron spectra contain an extra component, which
was previously attributed to nonsequential ionization �25�
without detailed discussion on its mechanism. According to
our analyses, however, this anomalous component does not
correspond to nonsequential processes, but the two electrons
are ejected one by one, absorbing a single photon each.

Furthermore, in order to explore the origin of the anoma-
lous component, we construct simple semiclassical models to
calculate electron energy spectra based on two possible
mechanisms, namely, postionization energy exchange �PIEE�
and second ionization during core relaxation �SICR�. The
latter leads to spectra which agree better with those obtained
from the TDSE calculations and, thus, is more plausible as a
mechanism responsible for the anomalous component as well
as for the peak displacement �26–28�.

The present paper is organized as follows. Section II sum-
marizes the simulation model. In Sec. III we apply the model
to the calculation of energy distribution of electrons ejected
through two-photon double ionization of He by attosecond
intense Ti:sapphire 59th harmonic pulses. After discussing
the spectral peak shape by the usual sequential ionization, we
examine how the ultrashortness of the pulse affects the spec-
tra and, especially, discuss the origin of the anomalous com-
ponent. The conclusions are given in Sec. IV. Atomic units
are used throughout the paper unless otherwise stated.

II. MODEL

The interaction between He and a soft x-ray pulse is de-
scribed by the two-electron TDSE,

i
���r1,r2,t�

�t
= �H0 + HI�t����r1,r2,t� , �1�

with the atomic Hamiltonian

H0 = −
1

2
�1

2 −
1

2
�2

2 −
2

r1
−

2

r2
+

1

�r1 − r2�
, �2�

and, in the length gauge,

HI�t� = �z1 + z2�E�t� , �3�

where E�t� is the electric field of the pulse, assumed to be
linearly polarized in the z-direction, and the subscript 1�2�
refers to electron 1�2�. We assume that the soft x-ray pulse
has a Gaussian temporal profile:

E�t� = E0 exp�−
�2 ln 2�t2

T2 �cos �t , �4�

where T is the full width at half-maximum �FWHM� pulse
length. The frequency � corresponds to a Ti:sapphire 59th
harmonic pulse �energy 91.45 eV�.

We solve Eq. �1� based on the time-dependent close-
coupling method similar to those used in �25,30–32�. The
two-electron wave function ��r1 ,r2 , t� is expanded in
coupled spherical harmonics �l1,l2

L �r̂1 , r̂2� �33�:

��r1,r2,t� = �
L

�
l1,l2

Pl1,l2
L �r1,r2,t�

r1r2
�l1,l2

L �r̂1, r̂2� , �5�

where l1 and l2 are the angular momenta of the two electrons,
and L is the total orbital angular momentum of the atomic
system. The substitution of Eq. �5� into Eq. �1� leads to a set
of time-dependent partial differential equations �30� for the
radial wave functions Pl1,l2

L �r1 ,r2 , t�, represented on a two-
dimensional spatial grid. We use low-order finite difference
methods with uniform mesh spacing. In order to account for
the boundary condition at the origin properly, we discretize
the Euler-Lagrange equations with a Lagrange-type func-
tional �35,36�,

L = 	��i�/�t − �H0 + HI�t����
 , �6�

instead of Eq. �1� itself.
The ground state of helium is found by relaxation of the

TDSE in imaginary time and then time evolved by solving
the TDSE in real time. We typically use a 800�800 lattice
with grid spacing of 0.25 a.u., and the time step is 9.13
�10−4 a.u. The partial waves 0� l1 , l2 ,L�3 are included,
though the use of 0� l1 , l2 ,L�2 has led to virtually the same
results. The contribution of each partial wave to the probabil-
ity distribution P�E1 ,E2� of the escaping electron energies
E1,2 can be calculated as the square of the absolute value of
the projection of the two-electron radial wave function onto
the product of He2+ continuum state radial orbitals of the two
electrons �32�.

III. RESULTS AND DISCUSSION

Since the photon energy �91.45 eV� is larger than the sum
of the first and second ionization potential �Ip1=24.6 and
Ip2=54.4 eV, respectively� of He, a single photon suffices to
induce double ionization �32�. This is a linear optical effect
and can be observed even with weak x-ray sources. On the
other hand, with intense sources, we expect that a process
where a He atom absorbs two photons and ejects two elec-
trons takes place. In this case the atom absorbs further pho-
tons than the minimum necessary for double ionization, and
thus we call it above-threshold double ionization �ATDI�
�34� �the terminology “double-electron above-threshold ion-
ization” is also found in literature �25��.

A. Electron energy distribution

In the long pulse length limit T→�, He would be sequen-
tially ionized, and the electron energy spectrum would have
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two sharp peaks at 66.9 and 37.1 eV. Figure 1 displays the
energy distribution of the electrons ejected through two-
photon double ionization by an attosecond soft x-ray pulse.
From this figure we can extract several effects of the ul-
trashort pulse duration. First, the broadened electron energy
spectra have tails longer than expected for usual Gaussian
profiles. In fact, when the soft x-ray pulse has a Gaussian
temporal profile, the peaks for sequential two-electron
double ionization do not have Gaussian shapes but the fol-
lowing forms �see the Appendix�:

P1���� = P2���� � e−��2/2a2

��
−�

�

e−2a2t2�1 + erfat −
i��

2a
��2

dt , �7�

where a=�2 ln 2/T and �� denotes the detuning. Similarly
to the Voigt profile, this profile tends to the Gaussian one at
the center ���=0� and decreases as 1/��2 for a large value
of ����, which leads to the long tails seen in Figs. 1�d�–1�f�.

We note that Fig. 1�d� contains small maxima around 25
and 80 eV. These correspond to a process in which the first
single photon ionization leaves the He+ ion in the 2s or 2p

excited states, situated 40.8 eV above the ground state and
13.6 eV below the second ionization threshold:

He + h	 → He+�2s,2p� + e−. �8�

In this case, the first and second ejected electrons have an
energy of 26 and 78 eV, respectively, which explains the
small maxima in Fig. 1�d�. Although not possible to identify
in Fig. 1 there exist, in principle, processes in which the first
ionization leaves the He+ ion in other excited states, which
are subsequently ionized to He2+:

He + h	 → He+�nl� + e−, �9�

He+�nl� + h	 → He2+ + e−, �10�

where n and l denote the principal and azimuthal quantum
number, respectively. Table I summarizes the cross section

1�nl� of reaction Eq. �9� and 
2�nl� of reaction Eq. �10� for
the ground state and several excited levels of He+. In the
rightmost column listed are 
1�nl�
2�nl� /
1�1s�
2�1s�, i.e.,
the relative height of each contribution to the electron energy
spectrum resulting from the sequential ionization. The rela-
tive contribution rapidly decreases with increasing principal

FIG. 1. �Color online� Energy distribution of the electrons ejected through two-photon double ionization by a soft x-ray pulse with a peak
intensity of 1015 W/cm2. �a�–�c� Probability distribution P�E1 ,E2� of the energy E1, E2 of the two electrons for a pulse width �FWHM� of
�a� 450, �b� 225, and �c� 150 as, respectively. �d�–�f� Thick solid lines: the corresponding electron energy spectra �integrated with respect to
E2�, thin solid lines: the fitted curves with two Gaussian functions, and thin dotted lines: the fitted curves with the peak shape function Eq.
�7�.
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quantum number. Thus the peaks associated with the states
with n�3 are invisible in Figs. 1�d�–1�f�.

The dotted lines in Figs. 1�d�–1�f� represent the fitting
with two functions of the form Eq. �7�. By comparison be-
tween the solid and dotted lines we can see that a component
other than the usual sequential double ionization is present.
At the 450 as pulse length �Figs. 1�a� and 1�d��, for example,
between the two peaks at 67 and 37 eV �usual sequential
ATDI�, we can see a small but clear signature of the presence
of a third component, which cannot be reproduced by the
fitting. We call this the anomalous component hereafter,
since this portion of the spectrum cannot be explained by the
usual sequential ATDI. As the pulse length decreases �Figs.
1�b�, 1�c�, 1�e�, and 1�f��, the peaks for sequential ATDI be-
come broader. The anomalous component is, however,
present. As can be seen from Figs. 1�a�–1�c�, the electron
energy is distributed along the line E1+E2=104 eV. Thus, in
the anomalous component, the two electrons share the two
photon energy, which evidently indicates electron correla-
tion. We have repeated simulations by varying the peak in-
tensity I0 between 1014 and 1016 W/cm2 and confirmed that
the results scale as I0

2, appropriate for two-photon processes,
which becomes prominent at high intensity.

B. Anomalous component

Let us discuss the origin of the anomalous component in
this section. At a glance, we would be tempted to assign the
anomalous component to a nonsequential process in which
the two electrons absorb two photons at the same time and
share energy, as did the authors of Ref. �25�, which reported
similar results. However, it turns out to be incorrect by the
following analysis. The yield of sequential ATDI is given by

�
−�

�

dt
1
I�t�
��
�

t

�

dt�
2
I�t��
��

= 
1
2


8 ln 2
 I0

��
�2

T2,

�11�

and scales as T2, where I�t� is the soft x-ray temporal inten-
sity profile, and 
1 �
2� is the single ionization cross section
of He �He+�. On the other hand, the yield of nonsequential
ATDI, if any, would be given by

�
−�

�

dt
NS I�t�
��

�2

= 
NS� 

8 ln 2
 I0

��
�2

T , �12�

and thus would scale as T, where 
NS is the corresponding
cross section. Although it is not easy to separate unambigu-
ously the usual sequential ATDI components and the anoma-
lous component in Fig. 1, we have tried to do it by attribut-
ing the dotted lines in Figs. 1�d�–1�f� to the normal
components and the difference between the solid and dotted
lines to the anomalous components. Thus obtained normal
and anomalous yields as a function of T are shown in Fig. 2.
Each of the normal and anomalous components is seen to
scale approximately as T2, and the total yield scales nearly
exactly as T2. Moreover, the total yield agrees well with the
one calculated from Eq. �11� by use of the values of 
1�1s�
and 
2�1s� listed in Table I. This observation clearly indi-
cates that the contribution of nonsequential ATDI, if any, is
negligible at most and that the entire ATDI consists of se-
quential processes.

Then how do we interpret the presence of the anomalous
component? If we assume that the first and second ionization
takes place independently of each other, the ionization inter-
val �t is distributed according to the following probability
distribution:

P��t� =
2�2 ln 2

T�
e−2 ln 2�t2/T2

. �13�

The mean interval is calculated to be T /�2 ln 2; specifi-
cally 72, 108, and 216 as for the 150, 225, and 450 as pulse
length, respectively. Based on the ultrashortness of the ion-
ization interval, we may consider two candidates for the
mechanism responsible for the anomalous component as fol-
lows.

1. Postionization energy exchange �PIEE�: during 72 as,
for example, the first electron can escape only 6.6 times Bohr
radius. Hence when the second electron is ejected, the first

TABLE I. The values of cross section 
1�nl� of reaction Eq. �9�
and 
2�nl� of reaction Eq. �10� for several levels of He+. The former
is obtained from the yield of He+�nl� in the present TDSE simula-
tions, and the latter with the hydrogenic wave functions. The right-
most column is the relative height of each contribution to the elec-
tron energy spectrum resulting from the sequential ionization.

nl 
1�nl� 
2�nl�

1�nl�
2�nl�


1�1s�
2�1s�

1s 4.9�10−19 3.8�10−19 1

2s 1.8�10−20 3.8�10−20 3.7�10−3

2p 1.3�10−20 7.4�10−21 5.2�10−4

3s 2.2�10−21 7.8�10−21 9.2�10−5

3p 2.0�10−21 2.4�10−21 2.6�10−5
FIG. 2. �Color online� Electron yield by usual sequential double

ionization �green squares� and anomalous double ionization �red
circles� as a function of pulse width T. Blue triangles are the total
yield. Yellow solid line is calculated from Eq. �11� with 
1=4.87
�10−19 cm2 and 
2=3.80�10−19 cm2, and scale as T2. A function
scaling linearly with T should be parallel to the dotted line.
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one is still very close to the nucleus with significant prob-
ability. It is, therefore, expected that the distance between the
two escaping electrons is so short that they can exchange
energy through Coulomb interaction and that this might
manifest itself as the anomalous component.

2. Second ionization during core relaxation �SICR�
�26–28�: since the two electrons in the ground state He atom
are equivalent, at the very moment of the first ionization the
remaining He+ ion cannot be in the ground state but in a
nonstationary state whose average energy would be −�Ip1

+ Ip2� /2=−39.5 eV �27�. The nonstationary He+ is expected
to relax to the ground state with a correlation time � of ca. 22
as, related to Ip2− Ip1. The anomalous component might cor-
respond to the situation where the second electron is emitted
within this core relaxation time.

In order to explore which of the two is responsible for the
emergence of the anomalous component, we have con-
structed simple semiclassical models in which ionization
events are described stochastically. The ionization interval �t
is chosen randomly according to the distribution in Eq. �13�.
For the verification of the PIEE picture, we calculate the
distance of the first electron at the instant of the second ion-
ization by assuming classical motion with an energy of
66.9 eV under the Coulomb force of a point charge +e at the
origin. The second electron is put near the origin with an
initial velocity in such a way that the system of the immobile
nucleus and the two escaping electrons has a total energy of
104 eV. The initial direction of each p electron is randomly
distributed as cos2 �, where � is the angle from the z axis and
the subsequent motion is calculated by integrating the clas-
sical equation of motion under the Coulomb force of the
nucleus and the mutual Coulomb interaction using the
fourth-order Runge-Kutta method with adaptive step-size
control. The influence of the soft x-ray field on the electron
motion is neglected. For the verification of the SICR picture,
on the other hand, the ionization potentials are assumed to
depend on �t as follows:

Ip1��t� = 24.6 + 14.9e−t/� �eV� , �14�

Ip2��t� = 54.4 − 14.9e−t/� �eV� . �15�

We calculate the energy of ejected electrons from the values
of Ip1 and Ip2 obtained by these equations with randomly
sampled �t.

Typically 100,000 runs are carried out for each pulse
length, and the distribution of the final electron kinetic en-
ergy is folded with the peak shape function Eq. �7�, to mimic
the effect of the Heisenberg uncertainty principle. Thus ob-
tained spectra are compared with the results of the TDSE
simulations in Fig. 3. One of the qualitative differences be-
tween the two semiclassical models is that in the PIEE model
the energy exchange can lead to the acceleration of the first
electron and the deceleration of the second, populating also
the region outside the two peaks in the electron energy spec-
trum. On the other hand, the SICR can populate only the
region between the peaks. In fact, in Fig. 3, we can see that
the PIEE model overestimates the spectrum outside the two
peaks. Furthermore, the component between the peaks is bet-
ter reproduced by the SICR model. Considering its simplic-
ity, the quantitative agreement between the TDSE calculation
and the SICR model is surprising, though not perfect. This
supports the SICR rather than the PIEE as the origin of the
anomalous component as well as our view that the entire
ATDI is essentially a sequential process.

Laulan and Bachau �26–28� have reported that the dis-
tance between the two peaks decreases for shorter pulse du-
ration. This phonomenon can also be confirmed by our
TDSE and SICR simulation as shown in Fig. 4, while the
distance between the peaks is nearly independent of pulse
width in the case of the PIEE model; a slight decrease for
shorter pulse width for PIEE in Fig. 4 is due to overlap of the
tail of one peak to the other. This again supports the idea that
the SICR mechanism plays an important role in the ATDI of
He by an ultrashort intense soft x-ray pulse.

It should, however, be noted that the anomalous compo-
nent is the most visible at a pulse length of 450 as and that
the PIEE also reproduces the spectrum between the two
peaks quite well in Fig. 3�a�. Thus the PIEE may not be
excluded conclusively as an additional origin of the anoma-

FIG. 3. �Color online� Electron energy spectra calculated with the TDSE calculations �thick solid lines�, PIEE �dotted lines�, and SICR
�thin solid lines� models. The soft x-ray pulses are assumed to be of a Gaussian temporal profile with a FWHM duration of �a� 450, �b� 225,
and �c� 150 as.
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lous component. This point as well as the explanation of the
quantitative discrepancy between the TDSE simulation and
the SICR model in Fig. 4 would need further investigation.

IV. CONCLUSIONS

Using numerical simulations based on the two-electron
time-dependent Schrödinger equation, we have investigated
the above-threshold two-photon double ionization of He by
an attosecond, intense soft x-ray pulse, specifically a Ti:sap-
phire 59th harmonic pulse. The one-electron energy spec-
trum consists of two major peaks around 37 and 67 eV cor-
responding to usual sequential ionization and the anomalous
component between them. For an incident pulse of a Gauss-
ian temporal profile, the major peaks have quadratically de-
creasing long tails. Although the peak shape is common for
any pulse duration apart from the width, the long tails would
not become visible until the use of ultrashort pulses.

The two-photon double ionization yield scales as the
square of pulse width, which indicates that the entire electron
energy spectrum including the anomalous component is the
outcome of sequential ionization and that the contribution of
nonsequential processes is virtually absent. The major origin
of the anomalous component is second ionization during
core relaxation, i.e., events where the second electron is
ejected by absorbing a single photon, while a nonstationary
state of He+ is relaxing to the ground state and the two elec-
trons are still exchanging energy, though postionization en-
ergy exchange may also be present. Hence, in either case, the
anomalous component is a remarkable manifestation of elec-
tron correlation in the attosecond pulse regime, alongside the
peak displacement �26–28�.

It is noteworthy that electron correlation can play a sig-
nificant role even in a sequential ionization process. The ion-
ization of the second electron itself can proceed by photon
absorption, whether electron correlation may be present or
not. In this sense, the double ionization is not nonsequential.
This is in striking contrast to shake-off �1� and recollision
�2�, in which energy exchange is indispensable for the ejec-
tion of the inner electron. High-intensity alone is not suffi-

cient for the anomalous ATDI to be of comparable promi-
nence with the usual sequential ATDI, but attosecond pulses
are also necessary. Thus the combination of the ultrashort-
ness, high intensity, and short wavelength furnished by the
state-of-the-art soft x-ray sources based on HHG will serve
as a unique tool to study inneratom electron correlation dy-
namics under a strong field. The anomalous ATDI, present
also in more complex atoms �28� in principle, will be an
attractive example to be explored.
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APPENDIX: SHAPE OF SEQUENTIAL TWO-PHOTON
DOUBLE IONIZATION PEAKS

Let us consider a three-level system whose lowest �energy
�1�, intermediate ��2�, and highest ��3� levels corresponds
to the ground-state He atom, He++e−, and He2++2e−, respec-
tively. The transition frequency �21=�2−�1 and �32=�3
−�2 are assumed to be close to �. We write the Schrödinger
equation and the wave function of this system as

i
�

�t
��t� = �H0 + �V�t�cos �t���t� , �A1�

where � denotes the dipole operator and V�t� the pulse en-
velope, and

��t� = �
i=1

3

Ci�t��i exp�− i�t� , �A2�

where Ci�t� �i=1, . . . ,3� denotes the time-dependent expan-
sion coefficient, and �i �i=1, . . . ,3� the time-independent
wave function of level i. Substituting Eq. �A2� into Eq. �A1�,
making the rotating-wave approximation, and assuming
�C3�� �C2�� �C1��1, we obtain

C2�t� � �
−�

t

dt�V�t��ei��21−��t� �A3�

and

C3�t� � �
−�

t

dt�V�t��ei��32−��t��
−�

t�
dt�V�t��ei��21−��t�.

�A4�

Especially, the final amplitude C��� of level 3 after the pulse
is written as

C3��� � �
−�

�

dtV�t�ei��32−��t�
−�

t

dt�V�t��ei��21−��t�

�A5�

FIG. 4. �Color online� Difference between the two peaks in the
electron energy spectra calculated with the TDSE calculations
�thick solid lines�, PIEE �thin solid lines�, and SICR �dashed lines�
models, as a function of pulse width T.
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=�
−�

�

dtV�t�ei��21−��t�
t

�

dt�V�t��ei��32−��t�. �A6�

Noting that �21− Ip1 corresponds to the first ionization peak
at 67 eV and �32− Ip2 the second peak at 37 eV, the shape of
the first and second peak are given by

P1���21� � �
−�

�

�C3����2d�32 �A7�

and

P2���32� � �
−�

�

�C3����2d�21, �A8�

respectively, where ��21=�21−� and ��32=�32−�. From
Eqs. �A5� and �A6�, C3��� can be viewed as the Fourier
transform of

V�t��
−�

t

dt�V�t��ei��21t�, �A9�

with respect to the detuning ��32, or that of

V�t��
t

�

dt�V�t��ei��32t�, �A10�

with respect to ��21. Then, by use of Parseval’s formula,
after some algebra, we can rewrite the spectral shapes
P1,2���� in Eqs. �A7� and �A8� as

P1���� � �
−�

� �V�t��
−�

t

dt�V�t��ei��t��2

dt �A11�

and

P2���� � �
−�

� �V�− t��
−�

t

dt�V�− t��ei��t��2

dt .

�A12�

It should be noted that P1����= P2���� for a symmetric
pulse envelope, i.e., V�t�=V�−t�. Specifically, for a Gaussian
temporal profile, V�t��e−2 ln 2t2/T2

, we finally obtain

P1���� = P2���� � e−��2/2a2

��
−�

�

e−2a2t2�1 + erfat −
i��

2a
��2

dt ,

�A13�

where a=�2 ln 2/T.
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